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Abstract
We construct global function fields with many rational places based on Hilbert class fields
defined over the finite field Fq for q = 3, 5, 7, 9, 25 and 49. With the help of Mathematica,
a systematic sieve is performed on the set of all potentially good defining polynomials
over Fq to obtain those that define global function fields with their number of rational
places close to the theoretical upper bounds. These explicit polynomials are essential
for practical applications in areas such as algebraic codes and low-discrepancy sequences.
Several improvements have been made to the present records and many new results with
high genera have been realized. As a prerequisite, a survey of the theory of algebraic
function fields is also conducted.
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The study of global function fields with many rational places actually originated from the
subject of algebraic curves over finite fields with many rational points. The latter has
been investigated by algebraic geometers such as Serre since the 1980s. The connection
between the two is due to the following one-to-one correspondence. Given a smooth,
projective, absolutely irreducible algebraic curve C over a finite field Fq, the field F of
Fq-rational functions on C is a global function field with full constant field Fq. In other
words, F is an algebraic function field over the finite field Fq such that Fq is algebraically
closed in F . Conversely, we can associate such an algebraic curve C over Fq to each global
function field F/Fq.
In his work, Serre was successful in using class field theory to obtain excellent upper
bounds on the number of rational points on some algebraic curves. However, the defining
equations of these curves were usually not known explicitly and were thus not practical for
applications such as the constructions of algebraic-geometric codes and low-discrepancy
sequences. As such, much interest has been placed on the search for explicit constructions
that include generators and defining equations as done by Niederreiter and Xing [1–5] in
the language of global function fields. Incidentally, this project can be regarded as a
1
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continuation of their ingenious works.
In an informal manner, we say that a global function field F over a finite field Fq has
many rational places if the actual number of places of degree one in F is relatively close
to the maximum number for the given genus of F and the chosen value of q. However, the
computation of this maximum number of rational places is usually a very tough problem
in algebraic geometry. Therefore, only bounds can be achieved in many cases. In addition,
the process of counting the exact number of rational places of a given global function field
is very time-consuming, especially when the number gets large.
1.2 Objectives
Based on some known results on Hilbert class fields, we aim to construct global function
fields over the finite field Fq for q = 3, 5, 7, 9, 25 and 49 such that these fields contain large
numbers of rational places and their defining equations are known explicitly. We hope to
obtain constructions with parameters that are better than those of the present published
records. That is, for a fixed finite field Fq, we look for function fields such that each
has the same genus but a higher number of rational places as compared to some known
example. We also want to add to the literature lists of global function fields of genera
that are yet to be achieved.
There are two variations to our main idea, although the resulting global function fields
in each case are subfields of some Hilbert class fields that contain a large number of rational
places. The differences lie in the computation of the required degree of extension of the
constructed field over the base field and the splitting property of a distinguished rational
place. The computer program that we use to carry out the bulk of our computations is the
all-powerful Mathematica. Indeed, it is a very useful tool that all mathematics students
should learn to utilize.
In the next chapter, we give a run-through of the essential concepts and results in the
theory of algebraic function fields. Some knowledge of general field theory is assumed
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whenever necessary, but the materials presented in the chapter should be sufficient for
an understanding of the computations conducted. The methods of constructions of the
global function fields and the eventual computed results will be presented in Chapter 3.
The list of tables is rather long due to the large amount of data collected.
Chapter 2
Mathematical Foundations
With reference to [7, 8], we shall introduce all the basic definitions and results that were
required for this project in this chapter. Since our main objectives do not include a
thorough study of the proofs of these results, we will not be including them here. All
proofs can be found in Chapters I, III and V of [8] and Chapter 4 of [7].
2.1 Algebraic Function Fields and Places
We begin with the introduction of the main algebraic objects: algebraic function fields
and places. Although our primary interest lies in the area of finite fields, we shall quote
some of the initial ideas in the most general settings.
Until otherwise stated, let K denote an arbitrary field throughout this chapter.
Definition 2.1.1. Let F be an extension of K. Let x ∈ F be transcendental over K.
(i) If F is a finite algebraic extension of K(x), then F is called an algebraic function
field of one variable over K, or a function field over K, and is denoted by F/K.
(ii) The field of constants of F/K is the set
K˜ = {z ∈ F | z is algebraic over K}.
(iii) If K˜ = K, then K is said to be algebraically closed in F , and is also called the full
constant field of F .
4
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Having stated the above definition, F/K will always denote an algebraic function field
of one variable over the field K in this section.
Definition 2.1.2. A valuation ring of F/K is a ring O ⊆ F such that K ( O ( F and
for any z ∈ F , either z ∈ O or z−1 ∈ O.
Proposition 2.1.3. Let O be a valuation ring of F/K. Then
(i) O is a local ring with maximal ideal P = O \O∗, O∗ being the group of units of O.
(ii) For 0 6= x ∈ F , x ∈ P if and only if x−1 /∈ O.
(iii) The field of constants K˜ of F/K is such that K˜ ⊆ O and K˜ ∩ P = {0}.
Theorem 2.1.4. Let O be a valuation ring of F/K with unique maximal ideal P . Then
(i) P is a principal ideal.
(ii) If P = tO for some t ∈ P , then every nonzero z ∈ F has a unique representation
of the form z = tnu, for some n ∈ Z and some u ∈ O∗.
(iii) Furthermore, O is a principal ideal domain.
Definition 2.1.5.
(i) A place P of F/K is the maximal ideal of some valuation ring O of F/K.
(ii) A prime element for a place P is any element t ∈ P such that P = tO.
(iii) A valuation ring O of F/K with maximal ideal P is also called the valuation ring
of the place P , written OP , as O = {z ∈ F | z−1 /∈ P} is uniquely determined by P .
Definition 2.1.6. A discrete valuation of F/K is a function v : F −→ Z ∪ {∞} with
(i) v(x) =∞ ⇐⇒ x = 0.
(ii) v(xy) = v(x) + v(y) for any x, y ∈ F .
(iii) v(x+ y) ≥ min{v(x), v(y)} for any x, y ∈ F .
(iv) there exists z ∈ F such that v(z) = 1.
(v) v(a) = 0 for any nonzero a ∈ K.
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Definition 2.1.7. Let PF = {P | P is a place of F/K}. For each P ∈ PF , choose any
prime element t so that each 0 6= z ∈ F has a unique representation
z = tnu, u ∈ O∗P , n ∈ Z.
Define the function vP : F −→ Z ∪ {∞} by
vP (z) = n and vP (0) =∞.
Theorem 2.1.8. Let vP be the function defined in Definition 2.1.7.
(i) For each place P ∈ PF , vP is a discrete valuation of F/K, and
OP = {z ∈ F | vP (z) ≥ 0},
O∗P = {z ∈ F | vP (z) = 0},
P = {z ∈ F | vP (z) > 0}.
An element t ∈ F is a prime element for P if and only if vP (t) = 1.
(ii) Conversely, if v is a discrete valuation of F/K, then
P = {z ∈ F | v(z) > 0}
is a place of F/K with the corresponding valuation ring
OP = {z ∈ F | v(z) ≥ 0}.
Given a place P ∈ PF and its valuation ring OP , the residue class ring OP/P is a
field, since P is a maximal ideal of OP .
Definition 2.1.9. Consider P ∈ PF and the valuation ring OP .
(i) The residue class field of P is given by FP = OP/P .
(ii) For all x ∈ OP , define x(P ) ∈ OP/P to be the residue class of x modulo P .
(iii) For all x ∈ F \ OP , define x(P ) =∞.
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(iv) The residue class map with respect to P is the map
F −→ FP ∪ {∞}
x 7−→ x(P ).
From Proposition 2.1.3, we have K ⊆ OP and K ∩P = {0}. Thus, the residue class
map OP −→ FP induces a canonical embedding of K ↪→ FP and we may view K as
a subfield of FP . Similarly, we may consider K˜ as a subfield of FP .
(v) The degree of P is given by degP = [FP : K].
(vi) If degP = 1, then P is called a rational place.
Proposition 2.1.10. If P ∈ PF and 0 6= x ∈ P , then degP ≤ [F : K(x)] <∞.
Definition 2.1.11. Let z ∈ F and P ∈ PF .
(i) P is a zero of z of order m if and only if vP (z) = m > 0.
(ii) P is a pole of z of order m if and only if vP (z) = −m < 0.
The next result states that given pairwise distinct discrete valuations v1, v2, . . . , vn of
F/K and the values v1(z), v2(z), . . . , vn−1(z) for z ∈ F , there can be no conclusion on the
value of vn(z).
Theorem 2.1.12 (Weak Approximation Theorem). If P1, P2, . . . , Pn ∈ PF are places
that are pairwise distinct, x1, x2, . . . , xn ∈ F and r1, r2, . . . , rn ∈ Z, then there exists some
x ∈ F such that vPi(x− xi) = ri for i = 1, 2, . . . , n.
An immediate implication is the following.
Corollary 2.1.13. Any function field F/K has infinitely many places.
The next proposition will later lead us to the result that an element x ∈ F that is
transcendental over K has as many zeros as poles if they are counted properly.
Proposition 2.1.14. If P1, P2, . . . , Pn are zeros of x ∈ F , then
n∑
i=1
vPi(x) degPi ≤ [F : K(x)].
Corollary 2.1.15. Any nonzero x ∈ F has only finitely many zeros and poles.
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2.2 The Rational Function Field
The simplest examples of algebraic function fields are the rational function fields, and they
are exactly what we need later. As such, we take a closer look at the rational function
field F = K(x) in this section before proceeding further in the general theory.
Definition 2.2.1. A rational function field is an algebraic function field F/K such that
F = K(x) for some x ∈ F transcendental over K.






with pi(x) ∈ K[x] monic, pairwise distinct irreducible polynomials, 0 6= a ∈ K and ri ∈ Z.





∣∣∣∣ p(x) - g(x), f(x), g(x) ∈ K[x]} , (2.1)





∣∣∣∣ p(x) | f(x), p(x) - g(x), f(x), g(x) ∈ K[x]} . (2.2)











∣∣∣∣ deg f(x) < deg g(x), f(x), g(x) ∈ K[x]} . (2.4)
Definition 2.2.2. The place P∞ is called the infinite place.
Proposition 2.2.3. Let P = Pp(x) ∈ PF . The residue class field FP = OP/P is isomor-
phic to K[x]/(p(x)) under the following isomorphism:
φ : K[x]/(p(x)) −→ FP
f(x) (mod p(x)) 7−→ f(x)(P ).
Then degP = deg p(x). Furthermore, K is the full constant field of F/K.
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The next result reveals that we can easily obtain the set of all places of the rational
function field.
Theorem 2.2.4. The places Pp(x) and P∞, given by (2.2) and (2.4) respectively, are the
only places of the rational function field F/K.
Corollary 2.2.5. The set of rational places of the rational function field F/K is in one-
to-one correspondence with the set K ∪ {∞}.
2.3 Divisors and the Genus of a Function Field
At the end of this section, we shall introduce a very important invariant of an algebraic
function field. But first, we look at groups of divisors that can be constructed from the
places of an algebraic function field F/K of one variable with full constant field K.
Definition 2.3.1. The divisor group DF of an algebraic function field F/K is the additive
free abelian group generated by the places P ∈ PF .





where nP ∈ Z and almost all nP = 0.
(ii) If a divisor D is such that D = P for some P ∈ PF , then D is called a prime divisor.












(iv) The zero element of DF is the divisor 0 =
∑
nPP , where all nP = 0.
(v) For any place Q ∈ PF and any divisor D =
∑
nPP , define vQ(D) = nQ.
(vi) Define a partial ordering on the divisor group DF as follows: for any D1, D2 ∈ DF ,
D1 ≤ D2 ⇐⇒ vP (D1) ≤ vP (D2) for any P ∈ PF .
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(vii) A divisor D is said to be positive if D ≥ 0.





The following are three divisors that are of greater significance.
Definition 2.3.2. Let 0 6= x ∈ F . Let Z and N be the set of zeros and poles respectively
of x in PF .
(i) The zero divisor of x is defined by (x)0 =
∑
P∈Z vP (x)P .
(ii) The pole divisor of x is defined by (x)∞ =
∑
P∈N −vP (x)P .
(iii) The principal divisor of x is defined by (x) = (x)0 − (x)∞.
Definition 2.3.3. Let DF be the divisor group of F/K.
(i) The group of principal divisors of F/K is the set PF = {(x) | 0 6= x ∈ F}.
(ii) The divisor class group of F/K is the factor group CF = DF/PF .
(iii) For each divisor D ∈ DF , the divisor class of D is the corresponding element [D] in
the factor group CF .
(iv) For D,D′ ∈ DF , if [D] = [D′], then D,D′ are said to be equivalent, denoted D ∼ D′.
The next subset of F to be defined is of great importance in the study of algebraic
function fields.
Lemma 2.3.4. Consider a divisor D ∈ DF and the set
L(D) = {x ∈ F | (x) ≥ −D} ∪ {0}.
(i) The set L(D) is a vector space over K.
(ii) If D′ ∈ DF is such that D′ ∼ D, then L(D′) ∼= L(D), as vector spaces over K.
Definition 2.3.5. The vector space L(D) over K is called the Riemann-Roch space.
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Proposition 2.3.6. For any divisor D ∈ DF , the Riemann-Roch space L(D) is a finite
dimensional vector space.
Definition 2.3.7. For any divisor D ∈ DF , the dimension of D is given by
dimD = dimL(D).
As mentioned earlier, given that zeros and poles are counted properly, a nonzero x ∈ F
has as many zeros as poles. This is essentially what the next result implies.
Theorem 2.3.8. The degree of every principal divisor is zero. If x ∈ F \K, then
deg(x)0 = [F : K(x)] = deg(x)∞.
Proposition 2.3.9. There exists a constant integer c such that for all divisors D ∈ DF ,
degD − dimD ≤ c.
Finally, we define the most important invariant of an algebraic function field.
Definition 2.3.10. The genus of an algebraic function field F/K is the integer
g = gF = max
D∈DF
{degD − dimD + 1}.
It is easy to see that the genus of F/K is a non-negative integer, since by letting
D = 0, then deg 0 − dim 0 + 1 = 0. From another direction, the divisors of an algebraic
function field of a given genus satisfy the following well-known result.
Theorem 2.3.11 (Riemann-Roch Theorem). If F/K is of genus g, then for each
D ∈ DF , we have the inequality
dimL(D) = dimD ≥ degD + 1− g,
with equality when degD ≥ 2g − 1.
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2.4 Algebraic Extensions of Function Fields
By definition, an algebraic function field F/K can always be considered as a finite exten-
sion of some rational function field K(x), which suggests why extensions of function fields
are so important in the overall studies of function fields.
Let F/K and F ′/K ′ be function fields with full constant fields K and K ′ respectively.
For convenience, we make the assumption that K is a perfect field.
Definition 2.4.1. An algebraic extension of F/K is an algebraic function field F ′/K ′
such that F ′ ⊇ F is an algebraic field extension and K ′ ⊇ K. Further, F ′/K ′ is called a
constant field extension if F ′ = FK ′ and it is called a finite extension if [F ′ : F ] <∞.
Lemma 2.4.2. Let F ′/K ′ be an algebraic extension of F/K.
(i) K ′/K is algebraic and F ∩K ′ = K.
(ii) F ′/K ′ is a finite extension of F/K if and only if [K ′ : K] <∞.
(iii) F ′/K ′ is a finite extension of FK ′/K ′.
Next, we look at the relation between the places of F and those of F ′. Unless otherwise
stated, we will always refer to F ′/K ′ as an algebraic extension of F/K.
Definition 2.4.3. If P ′ ⊇ P for P ′ ∈ PF ′ , P ∈ PF , then P ′ is said to lie over P and is
denoted by P ′|P . Also, P ′ is called an extension of P and P is said to lie under P ′.
In order to justify the above definitions, we have the following proposition that proves
the existence of extensions of places in extensions of algebraic function fields.
Proposition 2.4.4. Given F ′/K ′ is an algebraic extension of F/K, the following holds.
(i) For any P ′ ∈ PF ′, there exists exactly one place P ′ ∩ F = P ∈ PF such that P ′|P .
(ii) For any P ∈ PF , there is at least one, but finitely many, P ′ ∈ PF ′ such that P ′|P .
Proposition 2.4.5. For each place P ∈ PF of F/K, let OP ⊆ F and vP denote the
corresponding valuation ring and discrete valuation respectively. Define P ′,OP ′ and vP ′
similarly for F ′/K ′. The following statements are equivalent:
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(i) P ′|P .
(ii) OP ⊆ OP ′.
(iii) There exists 1 ≤ e ∈ Z such that for all x ∈ F , we have
vP ′(x) = e · vP (x). (2.5)
Furthermore, if P ′|P , then P = P ′ ∩ F and OP = OP ′ ∩ F . As such, P is also known as
the restriction of P ′ to F .
Definition 2.4.6. Let P ′|P , where P ′ ∈ PF ′ , P ∈ PF .
(i) The integer e(P ′|P ) = e in (2.5) is called the ramification index of P ′ over P .
(ii) If e(P ′|P ) > 1, then P ′|P is said to be ramified. Further, we have the following:
(a) If char K - e(P ′|P ), then P ′|P is said to be tamely ramified.
(b) If char K | e(P ′|P ), then P ′|P is said to be wildly ramified.
(c) If there exists at least one P ′ ∈ PF ′ over P such that P ′|P is ramified, then P
is said to be ramified in F ′/F .
(d) If P is ramified in F ′/F and no extension of P in F ′ is wildly ramified, then
P is said to be tamely ramified in F ′/F .
(e) If there exists at least one wildly ramified place P ′|P , then P is said to be
wildly ramified in F ′/F .
(f) If there exists only one extension P ′ ∈ PF ′ of P , then P is said to be totally
ramified in F ′/F . Then the ramification index is e(P ′|P ) = [F ′ : F ].
(g) If at least one P ∈ PF is ramified in F ′/F , then F ′/F is said to be ramified.
(h) If no place P ∈ PF is wildly ramified in F ′/F , then F ′/F is said to be tame.
(iii) If e(P ′|P ) = 1, then P ′|P is said to be unramified. Further, we have the following:
(a) If P ′|P is unramified for all P ′|P , then P is said to be unramified in F ′/F .
(b) If all P ∈ PF are unramified in F ′/F , then F ′/F is said to be unramified.
(iv) The relative degree of P ′ over P is defined as f(P ′|P ) = [F ′P ′ : FP ].
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It is clear that the ramification index of P ′ over P is always a positive integer, while
the relative degree of P ′ over P may be infinite.
Proposition 2.4.7. Suppose P ′ ∈ PF ′ lies over P ∈ PF .
(i) The relative degree of P ′ over P is finite if and only if F ′/F is a finite extension:
f(P ′|P ) <∞ ⇐⇒ [F ′ : F ] <∞.
(ii) If F ′′/K ′′ is an algebraic extension of F ′/K ′ and P ′′|P ′, where P ′′ ∈ PF ′′, then
e(P ′′|P ) = e(P ′′|P ′) · e(P ′|P ),
f(P ′′|P ) = f(P ′′|P ′) · f(P ′|P ).
The significance of the ramification indices and the relative degrees of the extensions
of a place over itself is summarized by the following useful equation.
Theorem 2.4.8. If P ∈ PF and P1, . . . , Pm ∈ PF ′ are all the places lying over P , then
m∑
i=1
e(Pi|P )f(Pi|P ) = [F ′ : F ].
Corollary 2.4.9. Let P ∈ PF .
(i) |{P ′ ∈ PF ′ | P ′|P}| ≤ [F ′ : F ].
(ii) If P ′|P , then e(P ′|P ) ≤ [F ′ : F ] and f(P ′|P ) ≤ [F ′ : F ].
The problem of determining all the extensions in F ′ of a place P ∈ PF is solved by




i ∈ OP [T ]




i ∈ FP [T ].
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Theorem 2.4.10 (Kummer). Let y be integral over OP and F ′ = F (y). Consider the
minimal polynomial ϕ(T ) ∈ OP [T ] of y over F and let the decomposition of ϕ(T ) into






Pick monic polynomials ϕi(T ) ∈ OP [T ] such that
ϕi(T ) = γi(T ),
degϕi(T ) = deg γi(T ).
For 1 ≤ i ≤ r, there exist places Pi ∈ PF ′ such that
Pi|P, ϕi(y) ∈ Pi, f(Pi|P ) ≥ deg γi(T ).
Furthermore, for i 6= j, we have that Pi 6= Pj.
Suppose that at least one of the following two hypotheses is satisfied:
(i) For i = 1, 2, . . . , r, εi = 1;
(ii) The set {1, y, . . . , yn−1} is an integral basis for P .
Then for 1 ≤ i ≤ r, there exists exactly one place Pi ∈ PF ′ such that
Pi|P, ϕi(y) ∈ Pi.
The places P1, P2, . . . , Pr are all the places of F
′ lying over P . We have the isomorphism
F ′Pi = OPi/Pi ∼= FP [T ]/(γi(T )),
and therefore the equality
f(Pi|P ) = deg γi(T ).
Corollary 2.4.11. Suppose y satisfies the following irreducible polynomial over the ra-
tional function field K(x):
ϕ(T ) = T n + fn−1(x)T n−1 + · · ·+ f0(x) ∈ K(x)[T ].
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Consider the function field K(x, y)/K and α ∈ K such that for any 0 ≤ j ≤ n− 1,
fi(α) 6=∞.
Let Pα ∈ PK(x) denote the zero of x− α in K(x). If
ϕα(T ) = T
n + fn−1(α)T n−1 + · · ·+ f0(α) =
r∏
i=1
ψi(T ) ∈ K[T ],
where ψi(T ) ∈ K[T ] are monic, irreducible, pairwise distinct polynomials, then
(i) For i = 1, 2, . . . , r, there exists a uniquely determined place Pi ∈ PK(x,y) such that
x− α ∈ Pi and ψi(y) ∈ Pi.
The element x − α is a prime element of Pi and the residue class field of Pi is
isomorphic to K[T ]/(ψi(T )). Therefore,
f(Pi|Pα) = degψi(T ).
(ii) If degψi(T ) = 1 for at least one i ∈ {1, 2, . . . , r}, then K is the full constant field.
(iii) If the number of distinct roots of ϕα(T ) in K is n = degϕ(T ), then for any β with
ϕα(β) = 0, there exists a unique rational place Pα,β ∈ PK(x,y) of K(x, y) such that
x− α ∈ Pα,β and y − β ∈ Pα,β.
The main focus of the remaining parts of this section is the all important formula for
computing the genus of an extension of a function field. But first, we introduce a couple
more new concepts.
Definition 2.4.12. For P ∈ PF , let OP be the integral closure of OP in F ′. The set
CP := {z ∈ F ′ | TrF ′/F (z · OP ) ⊆ OP}
is called the complementary module over OP .
Proposition 2.4.13. With the same notations, we have
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(i) CP is an OP -module and OP ⊆ CP .




OP · z∗i ,
where {z∗1 , z∗2 , . . . , z∗n} is the dual basis.
(iii) There exists an element t ∈ F ′, depending on P , such that CP = t · OP , and for all
P ′|P , vP ′(t) ≤ 0. Furthermore, if t′ ∈ F ′, then
CP = t′ · OP ⇐⇒ vP ′(t′) = vP ′(t), for all P ′|P.
(iv) CP = OP for almost all P ∈ PF .
Definition 2.4.14. Let CP = t · OP be the complementary module over OP . For P ′|P ,
define the different exponent of P ′ over P by
d(P ′|P ) := −vP ′(t),
and the different of F ′/F by





d(P ′|P ) · P ′.
Theorem 2.4.15 (Hurwitz Genus Formula). Let F ′/K ′ be a finite separable exten-
sion of an algebraic function field F/K such that K ′ is the constant field of F ′. If g and
g′ are the genus of F/K and F ′/K ′ respectively, then we have the following relation:
2g′ − 2 = (2g − 2) [F
′ : F ]
[K ′ : K]
+ degDiff(F ′/F ).
Next, we explore more explicit forms of the Hurwitz genus formula for Galois exten-
sions of algebraic function fields.
Definition 2.4.16. A Galois extension of an algebraic function field F/K is an extension
F ′/K ′ such that F ′/F is a Galois extension of finite degree.
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Definition 2.4.17. Let F/K be an algebraic function field with K having a primitive
n-th root of unity, where n > 1 is coprime to the characteristic of K. Let u ∈ F satisfy
u 6= wd, for all w ∈ F, d|n, d > 1, and
u = yn.
The extension F ′ = F (y) is called a Kummer extension of F .
Proposition 2.4.18. With the same settings as in Definition 2.4.17, we have:
(i) The minimal polynomial of y over F is given by Φ(x) = xn−u. The extension F ′/F
is Galois of degree n with cyclic Galois group and all automorphisms of F ′/F are
defined by σ(y) = ζy, where ζ ∈ K is an n-th root of unity.
(ii) Let P ′|P for P ∈ PF and P ′ ∈ PF ′. Given rP = gcd(n, vP (u)) > 0, we have
e(P ′|P ) = n
rP
;
d(P ′|P ) = n
rP
− 1.
(iii) Let K ′ be the constant field of F ′ and g, g′ be the genus of F/K,F ′/K ′ respectively.
Then
g′ = 1 +
n
[K ′ : K]
(











Corollary 2.4.19. In addition to the settings in Definition 2.4.17, suppose there exists
Q ∈ PF such that gcd(n, vQ(u)) = 1. Then K is the full constant field of F ′, F ′/F is a
cyclic extension of degree n, and




(n− rP ) degP.
2.5 The Zeta Function of a Function Field
From this point onwards, we shall focus on algebraic function fields over finite constant
fields. As such, we shall call an algebraic function field F/Fq a global function field. Let q
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be a prime power and let Fq be the finite field of q elements. Let F/Fq be a global function
field of genus g with full constant field Fq. Following the notations introduced previously,
we have DF as the divisor group of F/Fq, PF the subgroup of principal divisors and CF
the divisor class group.
Recall that two divisors A and B in DF are equivalent, denoted A ∼ B, if B = A+(x)
for some principal divisor (x) ∈ PF , 0 6= x ∈ F and the class of A in CF is denoted by
[A]. Thus, we have the relation
A ∼ B ⇐⇒ A ∈ [B] ⇐⇒ [A] = [B].
In other words, equivalent divisors have the same degree and dimension. Hence, the
following definitions are well-defined.
Definition 2.5.1. For any divisor class [A] ∈ CF , deg[A] = degA and dim[A] = dimA.
Definition 2.5.2. Consider the following subgroups of DF and CF respectively:
D0F = {A ∈ DF | degA = 0};
C0F = {[A] ∈ CF | deg[A] = 0}.
D0F is called the group of divisors of degree zero and C0F is called the group of divisor
classes of degree zero.
Proposition 2.5.3. The group of divisor classes of degree zero C0F is a finite group.
Definition 2.5.4. The order of the finite group C0F is known as the class number of F/Fq
and is denoted by h = hF .
Definition 2.5.5. For any integer 0 ≤ n ∈ Z, define the quantity
An = |{A ∈ DF | A ≥ 0 and degA = n}|.
Before we can define the topic of this section, we have to quote a result from [7].
Proposition 2.5.6. A global function field F/Fq has only finitely many rational places.
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Definition 2.5.7. The following power series is called the Zeta function of F/Fq:





and the following polynomial is called the L-polynomial of F/Fq:
L(t) = LF (t) = (1− t)(1− qt)Z(t).
Remark 2.5.8. In the above definition, the variable t is considered as a complex variable
and the Zeta function Z(t) is defined as a power series over the field of complex numbers.
Choose a fixed algebraic closure Fq of Fq and let F = F · Fq be the constant field
extension of F/Fq. For all r ≥ 1, there exists exactly one extension Fqr/Fq of degree r
such that Fqr ⊆ Fq. Define
Fr = F · Fqr ⊆ F .
Proposition 2.5.9. Let Z(t) and Zr(t) be the Zeta functions of the global function fields






for all t ∈ C, where ζ runs through the r-th roots of unity.
Theorem 2.5.10. The L-polynomial L(t) has the following properties:
(i) L(t) ∈ Z[t] with degL(t) = 2g.
(ii) L(t) = qgt2gL(1/qt).
(iii) The evaluation of L(t) at t = 1 gives the class number of F/Fq, that is,
L(1) = hF . (2.6)
(iv) By considering L(t) in its expanded form
L(t) = a0 + a1t+ · · ·+ a2gt2g, (2.7)
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we have the following relations for its coefficients:
a0 = 1, (2.8)
a2g = q
g, (2.9)
a2g−i = qg−iai, 0 ≤ i ≤ g. (2.10)





Furthermore, the complex numbers α1, α2, . . . , α2g are algebraic integers, which can
be relabelled so that αiαg+i = q holds for i = 1, 2, . . . , g.
(vi) Let the L-polynomial of the constant field extension Fr = F · Fqr be given by
Lr(t) = (1− t)(1− qrt)Zr(t). (2.12)




(1− αri t). (2.13)
From Theorem 2.5.10, if the L-polynomial L(t) of F/Fq is known explicitly, then we
can derive the following critical quantities easily.
Definition 2.5.11. Denote the number of rational places that a fixed global function
field F/Fq has by
N = NF = |{P ∈ PF | degP = 1}|.
Denote the maximum number of rational places that a global function field F/Fq of genus
g can have by
Nq(g) = max{NF | F is a function field of genus g}.
In general, for any constant field extension Fr = F · Fqr of F/Fq of degree r, 1 ≤ r ∈ Z,
denote the number of rational places by
Nr = NFr = |{P ∈ PFr | degP = 1}|.
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Corollary 2.5.12. For any 1 ≤ r ∈ Z, we have





where α1, α2, . . . , α2g ∈ C, are the reciprocals of the roots of the L-polynomial L(t). In
particular, for r = 1, we have












αri = Nr − (1 + qr). (2.16)








and for i = 1, 2, . . . , g,
a0 = 1, iai = Sia0 + Si−1a1 + · · ·+ S1ai−1. (2.18)
Therefore, the L-polynomial L(t) can be determined by (2.18) and (2.10).
Theorem 2.5.14 (Hasse-Weil). For i = 1, 2, . . . , 2g, the reciprocal of each of the roots
of L(t) has the following property:
|αi| = √q.
Theorem 2.5.15 (Hasse-Weil Bound). The number N of rational places of the global
function field F/Fq satisfies the following bounds:
1 + q − 2g√q ≤ N ≤ 1 + q + 2g√q. (2.19)
2.6 Hilbert Class Fields
With reference to Chapter 4 of [7], we introduce the Hilbert class fields in this section,
the objects upon which we base our constructions of global function fields in the next
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chapter. Let F/Fq denote a global function field such that the number of rational places
is at least one, that is, NF ≥ 1. In addition, we distinguish a rational place P∞ ∈ PF and
let A be the P∞-integral ring of F . Recall that
A = {x ∈ F | vP (x) ≥ 0 for all P∞ 6= P ∈ PF}.
Definition 2.6.1. The Hilbert class field HA of F with respect to A is the maximal
unramified abelian extension of F in which P∞ splits completely.
The Hilbert class field HA is a finite extension of the global function field F whose
Galois group is isomorphic to the group of divisors classes of degree zero:
Gal(HA/F ) ∼= C0F .
Therefore, the extension degree of HA over F equals the class number of F :
[HA : F ] = hF = |C0F |.
The constructions of global function fields to be described very soon are based on
the following two important results where class numbers play major roles in terms of the
genera and number of rational places.
Theorem 2.6.2. Let q be an odd prime power and S a subset of order n of Fq. Suppose
f(x) ∈ Fq[x] is an odd-degree polynomial such that f(x) has no repeated roots and every
element in S is a root. Let
y2 = f(x) and F = Fq(x, y).
If the class number hF of F has a factor 2
nm for some integer m > 0, then there exists




(gF − 1) + 1, (2.20)




with equality in (2.21) if n = q.
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In particular, this next result holds specifically for full constant fields Fq where q is
not a prime.
Theorem 2.6.3. Let F/Fq be a global function field with NF ≥ 2 rational places. For




(gF − 1) + 1, (2.22)




where Fr = F · Fqr .
Chapter 3
Explicit Global Function Fields
Now, we are ready to explain how we construct global function fields with many rational
places and present the results of our computations. As mentioned earlier, we employ
two slightly differing approaches in our constructions. In each case, we begin with the
algorithmic description of the method of construction and illustrate with an example. The
results are then tabulated according to the full constant fields Fq and sorted in ascending
order of the genera of the resulting global function fields.
3.1 The First Construction
The basis of the first construction is Theorem 2.6.2. In this case, the distinguished place
P∞ splits completely in the constructed global function field.
The very first step is to fix the full constant field Fq, where q is an odd prime power
in the set {3, 5, 7, 9}.
The second step is to choose an odd-degree polynomial f(x) ∈ Fq[x] such that f has
at least one root but no repeated roots and determine its number n of roots in Fq. Then
the function field F = Fq(x, y) is formed by letting y2 = f(x) and the genus of F is
g = gF = (deg f − 1)/2.
In actual computations, we fix g and obtain the complete list of polynomials f(x) ∈ Fq[x]
25
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of degree deg f = 2g + 1 that satisfy the required conditions. Then for each polynomial
f in this list, we carry out the remaining steps to obtain the required parameters. If
the same set of parameters repeats for different polynomials, we pick the first one that
appears and discard the subsequent ones.
The main objective of the third step, which is rather tedious, is to obtain the class
number hF of F . From (2.6) and (2.7), we have




Due to (2.8), (2.9) and (2.10), we only need to compute ai for i = 1, 2, . . . , g, since
a0 = 1, a2g = q
g, a2g−i = qg−iai, 0 ≤ i ≤ g.
Then by (2.18), each ai is given by the recursive formula
ai = (Sia0 + Si−1a1 + · · ·+ S1ai−1)/i,
where each Si, as defined in (2.16), is in turn given by
Si = Ni − qi − 1.
Therefore, it reduces to the computation of Ni, the number of rational places of the
constant field extensions Fi = FFqi of F/Fq of degree i. Equivalently, Ni is the number
of 2-tuples (x′, y′), with x′, y′ ∈ Fqi , that satisfy the equation y2 = f(x), in addition to
the infinite place. This is exactly the part that makes the entire computation process
so tedious and time-consuming, since counting the number of solutions to an equation
by direct exhaustive methods is never efficient. Actually, it is worthwhile to express the
formula of hF algebraically in terms of q and Si, i = 1, 2, . . . , g. In this way, once the
values of Si are obtained, they can be substituted directly into the formula together with
q to compute the value of hF , without computing those of ai, i = 1, 2, . . . , 2g.
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and set m = 1 in Theorem 2.6.2. Then we are assured of the existence of a global function
field M/Fq of extension degree [M : F ] = δ and genus
gM = δ(gF − 1) + 1,
and has at least the following number of rational places:
NM = δ(n+ 1).
After we have obtained the results above, we compare them to the theoretical upper
bounds. That is, for each global function fieldM/Fq of genus gM constructed, we calculate
the difference between NM and Nq(gM), which we denote by
dM = NM −Nq(gM).
Clearly, we have dM ≤ 0, and so we would like to have dM as close to zero as possible.
The algorithm that generates the upper bounds is due to Serre and it was a hand-written,
unpublished document.
Let us now look at an example.
Example 3.1.1. Let q = 3 and choose the following polynomial of degree 9:
f(x) = x(x+ 1)(x+ 2)(x6 + 2x5 + x4 + 2x2 + 2) ∈ F3[x].
Then f has exactly n = 3 non-repeated roots in F3 and gF = (9− 1)/2 = 4. After feeding
the above settings into our computer program, we obtain
N1 = 4, N2 = 16, N3 = 28, N4 = 96,
S1 = 0, S2 = 6, S3 = 0, S4 = 14.
Thus, the class number hF = 120 and
gM = 46, NM = 60.
In this case, N3(46) = 63, so we get dM = −3. In fact, this example is an improvement
from the present record [9] for a global function field over F3 of genus 46.
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However, there is a drawback for the first construction described above. It is not so
efficient for constructing global function fields when the size of the field Fqr gets relatively
large, since the algorithm to compute Nr becomes too time-consuming. Hence, we have
a slightly different second construction for the fields F25 and F49 in a later section.
The following section contains long lists of the results by the first construction over
the finite fields Fq for q = 3, 5, 7 and 9. After counter-checking with the data in [6, 7, 9]
for q = 3, 5 and 9, the first table contains the improvements made to the present records.
The remaining tables show the results for which the genera gM are not found in current
literature.
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3.2 Results from the First Construction
Table 3.1: Improvements to present records.
q gM NM (Old) dM f(x) n hF
3 43 56 (55) [9] -4 x(1 + x)(2 + x)(2 + x2 + x3)(1 + 2x2 + x3) 3 112
3 46 60 (55) [9] -3 x(1 + x)(2 + x)(2 + 2x2 + x4 + 2x5 + x6) 3 120
5 20 38 (30) [7] -18 x(2 + 2x2 + x3 + x4) 1 38
9 45 132 (128) [9] -38 2ax+ 2ax3 + 2x4 + x5 + ax5 + 2ax6 + x7 5 704
9 79 234 (228) [6] -39 2x+ 2x2 + 2ax2 + 2x3 + ax3 + ax5 + x7 5 1248
9 217 504 (488) [6] -152 2ax+ ax2 + 2ax3 + 2x4 + ax4 + 2ax5 + 2x7 + ax7 + x8 + 2ax8 + x9 6 4608
9 226 525 (500) [6] -156 2ax+ 2x2 + ax2 + 2x3 + ax3 + 2ax4 + ax5 + x6 + 2ax6 + ax7 + x9 6 4800
9 406 945 (892) [6] -206 2ax+ 2x3 + ax3 + 2x4 + ax4 + x5 + x6 + ax6 + x8 + ax8 + x9 6 8640
Table 3.2: q = 3.
gM NM Nq(gM ) dM f(x) n hF
52 34 70 -36 x(2 + x+ x3 + x4 + x5 + 2x6 + 2x7 + x8) 1 34
53 52 71 -19 x(2 + 2x+ x2)(2 + 2x2 + x4) 1 52
55 54 73 -19 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + x5 + x6 + x7) 2 72
57 56 75 -19 x(1 + x3 + x4 + x6) 1 56
58 57 77 -20 x(2 + x)(1 + x+ 2x2 + 2x3 + x4 + x5 + 2x6 + x7) 2 76
59 58 78 -20 x(2 + x2 + 2x3 + 2x4 + 2x5 + x6) 1 58
61 60 80 -20 x(1 + x)(1 + 2x+ x2 + 2x3 + x4 + x5 + 2x6 + x7) 2 80
64 63 83 -20 x(1 + x)(2 + x+ 2x2 + x3 + x4 + 2x5 + x6 + x7) 2 84
65 64 84 -20 x(1 + x2)(1 + x2 + 2x3 + x4) 1 64
67 66 86 -20 x(2 + x)(2 + 2x+ 2x2 + x3 + 2x4 + x5 + x7) 2 88
69 68 88 -20 x(2 + x+ x2)(2 + 2x+ x2 + x3 + x4) 1 68
70 46 89 -43 x(2 + x3 + 2x4 + 2x5 + x6 + 2x7 + x8) 1 46
71 70 90 -20 x(2 + 2x3 + 2x5 + x6) 1 70
73 72 92 -20 x(1 + x+ 2x3 + x4 + x5 + x6) 1 72
75 74 95 -21 x(2 + x2 + 2x4 + x5 + x6) 1 74
76 75 96 -21 x(1 + x)(2 + x+ 2x2 + x3 + 2x4 + x6 + x7) 2 100
77 76 97 -21 x(2 + 2x+ x2)(2 + x+ 2x2 + 2x3 + x4) 1 76
79 78 99 -21 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x5 + 2x6 + x7) 2 104
81 80 101 -21 x(1 + x)(2 + x)(2 + x+ x2)(1 + x+ 2x3 + x4 + x5 + x6) 3 160
82 54 102 -48 x(2 + 2x4 + x5 + x6 + x7 + x8) 1 54
85 84 105 -21 x(1 + x)(2 + x)(2 + 2x2 + 2x3 + 2x4 + x5 + 2x6 + x7 + x8) 3 168
88 87 108 -21 x(1 + x)(2 + x+ x2 + 2x3 + 2x4 + x5 + x6 + x7) 2 116
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89 88 109 -21 x(1 + x)(2 + x)(2 + x+ x2)(1 + x+ x3 + x5 + x6) 3 176
91 90 111 -21 x(2 + x)(2 + 2x+ x2)(1 + 2x2 + 2x3 + 2x4 + x5) 2 120
93 92 113 -21 x(1 + x)(2 + x)(2 + 2x2 + x3 + 2x4 + 2x5 + 2x6 + 2x7 + x8) 3 184
94 93 114 -21 x(1 + x)(2 + 2x+ 2x2 + x3 + 2x4 + x5 + x7) 2 124
97 96 117 -21 x(1 + x)(2 + x)(1 + x2)(2 + 2x5 + x6) 3 192
100 66 120 -54 x(2 + x4 + x8) 1 66
101 100 121 -21 x(1 + x)(2 + x)(2 + 2x2 + 2x4 + 2x6 + 2x7 + x8) 3 200
103 102 123 -21 x(1 + x)(1 + 2x+ x2 + x4 + 2x5 + x7) 2 136
105 104 125 -21 x(1 + x)(2 + x)(1 + 2x+ x2 + x3)(2 + 2x+ 2x2 + x3 + 2x4 + x5) 3 208
106 105 126 -21 x(2 + x)(1 + x+ x2 + x3 + x7) 2 140
109 108 130 -22 x(1 + x)(2 + x)(2 + 2x2 + x4 + 2x5 + x6 + x7 + x8) 3 216
112 111 133 -22 x(2 + x)(1 + x+ 2x4 + x5 + 2x6 + x7) 2 148
113 112 134 -22 x(1 + x)(2 + x)(2 + 2x+ x2)(1 + 2x+ 2x3 + x4 + x6) 3 224
115 114 136 -22 x(1 + x)(1 + 2x+ 2x2 + x4 + x6 + x7) 2 152
117 116 138 -22 x(1 + x)(2 + x)(2 + 2x2 + 2x3 + 2x5 + 2x7 + x8) 3 232
118 117 139 -22 x(2 + x)(1 + x+ x2 + x3 + x4 + 2x6 + x7) 2 156
121 120 142 -22 x(1 + x)(2 + x)(2 + x2 + x3)(1 + 2x2 + x3 + x5) 3 240
124 123 145 -22 x(1 + x)(2 + 2x+ x2 + 2x3 + 2x4 + x6 + x7) 2 164
125 124 146 -22 x(1 + x)(2 + x)(2 + 2x2 + 2x4 + 2x6 + x7 + x8) 3 248
127 126 148 -22 x(1 + x)(1 + 2x+ 2x2 + 2x4 + x7) 2 168
129 128 150 -22 x(1 + x)(2 + x)(2 + x+ x2)(1 + x+ x3 + x4 + x6) 3 256
130 86 151 -65 x(2 + x3 + x4 + x5 + x7 + x8) 1 86
133 132 154 -22 x(1 + x)(2 + x)(2 + 2x2 + 2x4 + 2x5 + x7 + x8) 3 264
136 90 157 -67 x(2 + x3 + x5 + 2x6 + x7 + x8) 1 90
137 136 158 -22 x(1 + x)(2 + x)(2 + 2x+ x3)(1 + 2x+ 2x2 + 2x3 + x5) 3 272
139 92 160 -68 x(2 + 2x+ x2)(2 + x+ x2 + 2x4 + x6) 1 92
141 140 162 -22 x(1 + x)(2 + x)(2 + 2x2 + x4 + 2x5 + 2x7 + x8) 3 280
142 141 163 -22 x(1 + x)(2 + x+ 2x2 + 2x3 + 2x4 + x5 + x7) 2 188
145 144 166 -22 x(2 + x)(2 + 2x+ 2x2 + x4 + x7) 2 192
148 98 169 -71 x(2 + x3 + x4 + x5 + x6 + x7 + x8) 1 98
149 148 170 -22 x(1 + x)(2 + x)(2 + 2x2 + 2x4 + x5 + 2x7 + x8) 3 296
151 150 171 -21 x(2 + x)(2 + 2x+ x4 + 2x6 + x7) 2 200
153 152 173 -21 x(1 + x)(2 + x)(2 + 2x+ 2x2 + x3)(1 + 2x+ 2x2 + 2x4 + x5) 3 304
154 102 174 -72 x(2 + x3 + 2x6 + 2x7 + x8) 1 102
157 156 177 -21 x(1 + x)(2 + x)(2 + 2x2 + x4 + x5 + x8) 3 312
160 106 180 -74 x(2 + x2 + 2x3 + 2x5 + x6 + 2x7 + x8) 1 106
161 160 181 -21 x(1 + x)(2 + x)(2 + x+ x2)(1 + x+ 2x3 + x4 + 2x5 + x6) 3 320
163 108 183 -75 x(1 + x3 + 2x7 + x8) 1 108
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165 164 185 -21 x(1 + x)(2 + x)(2 + x2 + x8) 3 328
166 110 186 -76 x(2 + x2 + x3 + 2x4 + x5 + x6 + x7 + x8) 1 110
169 168 189 -21 x(1 + x)(2 + x)(2 + x+ x4)(1 + x+ x2 + x3 + x4) 3 336
172 114 192 -78 x(2 + 2x4 + x5 + 2x7 + x8) 1 114
173 172 193 -21 x(1 + x)(2 + x)(2 + 2x2 + x6 + 2x7 + x8) 3 344
175 116 195 -79 x(2 + x+ x2)(2 + 2x+ x2 + 2x3 + 2x4 + x5 + x6) 1 116
177 176 197 -21 x(1 + x)(2 + x)(2 + 2x3 + x4)(1 + x2 + 2x3 + x4) 3 352
178 118 198 -80 x(2 + x4 + 2x6 + x7 + x8) 1 118
181 180 201 -21 x(1 + x)(2 + x)(2 + 2x2 + x3 + x4 + x6 + 2x7 + x8) 3 360
184 122 204 -82 x(2 + 2x2 + 2x4 + x5 + 2x7 + x8) 1 122
185 138 205 -67 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + 2x5 + x6 + x7 + 2x8 + x9) 2 184
187 124 207 -83 x(1 + x2 + x3 + 2x4 + x5 + x7 + x8) 1 124
189 141 209 -68 x(1 + x)(2 + x+ 2x2 + x3 + 2x4 + 2x5 + x7 + x8 + x9) 2 188
190 126 210 -84 x(2 + 2x4 + 2x5 + 2x6 + x7 + x8) 1 126
193 192 213 -21 x(1 + x)(2 + x)(1 + x+ x2 + x4)(2 + x+ 2x2 + 2x3 + x4) 3 384
196 130 216 -86 x(2 + x4 + 2x5 + x7 + x8) 1 130
197 196 216 -20 x(1 + x)(2 + x)(2 + 2x2 + x8) 3 392
199 132 218 -86 x(2 + 2x+ x2 + x3 + x4)(2 + x+ x2 + 2x3 + x4) 1 132
201 200 220 -20 x(1 + x)(2 + x)(1 + x2)(2 + x3 + 2x4 + 2x5 + x6) 3 400
202 134 221 -87 x(2 + 2x2 + 2x3 + x6 + 2x7 + x8) 1 134
205 153 224 -71 x(2 + x)(1 + x+ x2 + x3 + x4 + x5 + x6 + x7 + 2x8 + x9) 2 204
208 138 227 -89 x(2 + 2x2 + x3 + 2x6 + 2x7 + x8) 1 138
209 156 228 -72 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + 2x5 + x7 + x9) 2 208
211 140 230 -90 x(2 + x+ x2)(2 + 2x+ x2 + x3 + 2x4 + x5 + x6) 1 140
213 159 232 -73 x(1 + x)(2 + x+ 2x2 + 2x3 + 2x4 + 2x6 + 2x7 + 2x8 + x9) 2 212
214 142 233 -91 x(2 + 2x3 + 2x4 + x5 + x6 + x7 + x8) 1 142
217 216 236 -20 x(1 + x)(2 + x)(1 + 2x+ x3)(2 + x+ x3 + 2x4 + x5) 3 432
220 146 239 -93 x(2 + x2 + 2x4 + x5 + x6 + 2x7 + x8) 1 146
221 165 240 -75 x(2 + x)(1 + x+ x2 + x3 + x4 + 2x7 + x9) 2 220
223 148 242 -94 x(1 + x+ 2x3 + x5 + 2x6 + 2x7 + x8) 1 148
225 168 244 -76 x(1 + x)(1 + 2x+ x2 + 2x3 + x4 + 2x5 + 2x6 + 2x7 + 2x8 + x9) 2 224
226 150 245 -95 x(2 + x+ x4 + 2x5 + 2x6 + x7 + x8) 1 150
229 171 247 -76 x(1 + x)(2 + x+ 2x2 + x3 + 2x4 + 2x5 + 2x6 + x7 + 2x8 + x9) 2 228
232 154 250 -96 x(2 + x2 + 2x3 + 2x6 + 2x7 + x8) 1 154
233 174 251 -77 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + x5 + x8 + x9) 2 232
235 156 253 -97 x(2 + 2x+ x4)(2 + x+ 2x2 + 2x3 + x4) 1 156
237 177 255 -78 x(2 + x)(1 + x+ x2 + x3 + x4 + 2x5 + x9) 2 236
238 158 256 -98 x(2 + x3 + 2x4 + x5 + x6 + 2x7 + x8) 1 158
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241 180 259 -79 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + x5 + x6 + x7 + 2x8 + x9) 2 240
244 162 262 -100 x(2 + x+ x2 + x3 + 2x4 + 2x7 + x8) 1 162
245 183 263 -80 x(2 + x)(1 + x+ 2x6 + x9) 2 244
247 164 265 -101 x(1 + 2x4 + x5 + 2x6 + x8) 1 164
249 186 267 -81 x(2 + x)(2 + 2x+ 2x2 + x3 + x4)(1 + 2x3 + x4 + x5) 2 248
250 166 268 -102 x(2 + 2x+ x2 + x3 + 2x5 + 2x6 + 2x7 + x8) 1 166
253 189 270 -81 x(1 + x)(2 + x+ 2x2 + x3 + x4 + 2x6 + x9) 2 252
257 192 274 -82 x(2 + x)(2 + x2 + x3)(1 + x+ 2x2 + x4 + 2x5 + x6) 2 256
259 172 276 -104 x(2 + 2x+ x2)(2 + x+ x2 + 2x3 + x4 + x6) 1 172
261 195 278 -83 x(1 + x)(2 + x+ 2x2 + x3 + 2x4 + 2x5 + 2x6 + x8 + x9) 2 260
262 174 279 -105 x(2 + 2x4 + x6 + x7 + x8) 1 174
265 198 282 -84 x(1 + x)(1 + 2x+ x2 + 2x3 + x4 + x6 + x7 + x8 + x9) 2 264
269 201 286 -85 x(1 + x)(2 + x+ 2x2 + x3 + x4 + 2x5 + 2x6 + x7 + x9) 2 268
271 180 287 -107 x(1 + x3 + 2x5 + x6 + x7 + x8) 1 180
273 204 289 -85 x(1 + x)(2 + 2x3 + x4)(2 + x+ 2x2 + 2x3 + 2x4 + x5) 2 272
274 182 290 -108 x(2 + x+ x3 + 2x7 + x8) 1 182
277 207 293 -86 x(1 + x)(2 + x+ x5 + 2x7 + x8 + x9) 2 276
280 186 296 -110 x(2 + 2x3 + x5 + x7 + x8) 1 186
281 210 297 -87 x(2 + x)(2 + x+ x2)(1 + 2x+ x2 + x3 + x5 + x6 + x7) 2 280
283 188 299 -111 x(2 + x+ x4)(2 + 2x+ x2 + x3 + x4) 1 188
285 213 301 -88 x(2 + x)(1 + x+ x2 + x3 + x4 + 2x5 + x7 + 2x8 + x9) 2 284
286 190 302 -112 x(2 + x+ x2 + x3 + x4 + x6 + 2x7 + x8) 1 190
289 216 304 -88 x(1 + x)(1 + x2)(1 + 2x+ x4 + 2x5 + x6 + x7) 2 288
293 219 308 -89 x(2 + x)(1 + x+ x2 + x4 + x7 + 2x8 + x9) 2 292
295 196 310 -114 x(2 + 2x+ x3)(1 + 2x+ 2x2 + 2x3 + x5) 1 196
297 222 312 -90 x(2 + x)(2 + x+ x2)(1 + 2x+ x2 + x3 + 2x5 + x7) 2 296
298 198 313 -115 x(2 + 2x4 + 2x5 + x6 + 2x7 + x8) 1 198
301 225 316 -91 x(1 + x)(2 + x+ 2x2 + x3 + 2x4 + x5 + 2x6 + x7 + x8 + x9) 2 300
305 228 320 -92 x(1 + x)(1 + x2)(1 + 2x+ 2x4 + x6 + x7) 2 304
307 204 321 -117 x(2 + 2x+ x2)(2 + x+ x2 + x4 + 2x5 + x6) 1 204
309 231 323 -92 x(2 + x)(1 + x+ x2 + 2x6 + x7 + x8 + x9) 2 308
310 206 324 -118 x(2 + x2 + x3 + x4 + 2x5 + x6 + x7 + x8) 1 206
313 234 327 -93 x(2 + x)(2 + 2x+ 2x2 + 2x3 + x4 + 2x5 + 2x6 + 2x8 + x9) 2 312
316 210 330 -120 x(2 + 2x3 + x4 + 2x6 + 2x7 + x8) 1 210
317 237 331 -94 x(2 + x)(1 + x+ x3 + 2x6 + 2x7 + x9) 2 316
319 212 333 -121 x(1 + x3 + 2x4 + 2x6 + x8) 1 212
321 240 335 -95 x(1 + x)(1 + x+ 2x2 + x3)(1 + x+ x2 + x3 + 2x5 + x6) 2 320
322 214 335 -121 x(2 + x2 + x5 + 2x6 + x8) 1 214
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325 243 338 -95 x(2 + x)(1 + x+ x2 + x3 + 2x4 + x5 + 2x6 + 2x7 + 2x8 + x9) 2 324
328 218 341 -123 x(2 + 2x2 + x4 + 2x5 + 2x7 + x8) 1 218
329 246 342 -96 x(1 + x)(2 + 2x+ 2x2 + x3)(2 + 2x+ x2 + x4 + x5 + x6) 2 328
331 220 344 -124 x(2 + x+ x2)(2 + x+ x3 + x4 + x5 + x6) 1 220
333 249 346 -97 x(2 + x)(1 + x+ x2 + x3 + 2x4 + 2x5 + x6 + x7 + x9) 2 332
334 222 347 -125 x(2 + 2x+ 2x2 + x3 + 2x5 + x6 + 2x7 + x8) 1 222
337 252 350 -98 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + 2x5 + 2x6 + x8 + x9) 2 336
341 255 353 -98 x(2 + x)(1 + x+ 2x4 + 2x6 + x7 + x9) 2 340
343 228 355 -127 x(2 + x+ x2)(2 + 2x+ x3 + x4 + x6) 1 228
345 258 357 -99 x(1 + x)(2 + x3 + x4)(2 + x+ 2x2 + 2x4 + x5) 2 344
349 261 361 -100 x(1 + x)(2 + x+ 2x2 + 2x3 + 2x4 + x6 + x7 + 2x8 + x9) 2 348
352 234 364 -130 x(2 + 2x2 + x6 + x7 + x8) 1 234
353 264 365 -101 x(2 + x)(1 + 2x+ x3 + x4)(2 + x+ x4 + x5) 2 352
355 236 366 -130 x(2 + 2x2 + x4)(2 + 2x3 + x4) 1 236
357 267 368 -101 x(2 + x)(1 + x+ x2 + x4 + 2x5 + 2x6 + 2x7 + x9) 2 356
358 238 369 -131 x(2 + 2x2 + 2x3 + 2x4 + x5 + 2x6 + x7 + x8) 1 238
361 270 372 -102 x(1 + x)(1 + 2x+ x2 + 2x3 + 2x4 + x5 + x6 + 2x7 + x8 + x9) 2 360
365 273 376 -103 x(2 + x)(1 + x+ x2 + x5 + 2x6 + x8 + x9) 2 364
367 244 378 -134 x(2 + x+ x2)(2 + 2x+ 2x3 + x4 + 2x5 + x6) 1 244
369 276 380 -104 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + 2x5 + 2x6 + 2x7 + x9) 2 368
373 279 383 -104 x(1 + x)(2 + x+ 2x2 + x3 + x4 + 2x5 + 2x6 + 2x8 + x9) 2 372
377 282 387 -105 x(1 + x)(2 + 2x+ x2)(2 + 2x+ 2x2 + x3 + 2x5 + x7) 2 376
379 252 389 -137 x(2 + x+ x2)(2 + x+ 2x2 + x3 + 2x4 + x5 + x6) 1 252
381 285 391 -106 x(1 + x)(2 + x+ 2x2 + x3 + 2x4 + x5 + x7 + x9) 2 380
382 254 392 -138 x(2 + x+ 2x3 + 2x5 + 2x7 + x8) 1 254
385 288 394 -106 x(1 + x)(1 + x2)(1 + 2x+ x4 + 2x6 + x7) 2 384
388 258 397 -139 x(2 + x+ x3 + 2x4 + x5 + x6 + x7 + x8) 1 258
391 260 400 -140 x(1 + 2x2 + 2x4 + 2x5 + 2x7 + x8) 1 260
393 294 402 -108 x(2 + x)(2 + 2x+ 2x2 + 2x3 + x5 + 2x6 + x7 + x9) 2 392
397 297 406 -109 x(1 + x)(2 + x+ 2x2 + x3 + 2x5 + 2x8 + x9) 2 396
400 266 408 -142 x(2 + x2 + 2x3 + x4 + 2x5 + x6 + x8) 1 266
401 300 409 -109 x(2 + x)(1 + x2)(2 + 2x+ 2x4 + 2x5 + 2x6 + x7) 2 400
403 268 411 -143 x(1 + x+ x2 + 2x4 + x5 + x6 + 2x7 + x8) 1 268
405 303 413 -110 x(2 + x)(1 + x+ x2 + x3 + x4 + x6 + x8 + x9) 2 404
406 270 414 -144 x(2 + x5 + x8) 1 270
409 306 417 -111 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + 2x5 + x6 + 2x7 + x8 + x9) 2 408
412 274 420 -146 x(2 + 2x2 + x3 + x5 + x6 + 2x7 + x8) 1 274
413 309 421 -112 x(2 + x)(1 + x+ x2 + x3 + x4 + 2x5 + 2x6 + x7 + x9) 2 412
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417 312 424 -112 x(2 + x)(1 + x2)(1 + 2x+ x2 + x3)(2 + x+ 2x2 + 2x3 + x4) 2 416
421 280 428 -148 x(2 + x+ x2 + x3)(2 + 2x+ x5) 1 280
425 318 432 -114 x(1 + x)(1 + 2x+ x2 + 2x3 + 2x5 + x6 + 2x7 + 2x8 + x9) 2 424
429 321 435 -114 x(2 + x)(1 + x+ x2 + 2x4 + 2x5 + 2x7 + x8 + x9) 2 428
433 324 439 -115 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + x5 + 2x6 + x7 + x8 + x9) 2 432
437 327 443 -116 x(2 + x)(1 + x+ x2 + x3 + x4 + 2x5 + x6 + x7 + x8 + x9) 2 436
441 330 446 -116 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + 2x5 + 2x7 + 2x8 + x9) 2 440
445 333 450 -117 x(1 + x)(2 + x+ 2x2 + x3 + 2x4 + 2x5 + x9) 2 444
449 336 454 -118 x(1 + x)(2 + 2x+ x2)(1 + 2x2 + x3)(2 + 2x+ x2 + x3 + x4) 2 448
453 339 457 -118 x(1 + x)(2 + x+ 2x2 + 2x4 + x5 + 2x7 + x9) 2 452
457 342 461 -119 x(1 + x)(2 + 2x+ 2x2 + x3)(2 + 2x+ x2 + 2x4 + x6) 2 456
461 345 465 -120 x(2 + x)(1 + x+ x2 + x6 + x7 + 2x8 + x9) 2 460
465 348 468 -120 x(1 + x)(1 + 2x+ x2 + 2x3 + x4 + 2x5 + 2x6 + x7 + x8 + x9) 2 464
469 351 472 -121 x(2 + x)(1 + x+ x2 + x3 + 2x5 + 2x6 + x7 + x8 + x9) 2 468
473 354 476 -122 x(1 + x)(2 + x+ x2)(2 + x2 + 2x3 + x4 + 2x5 + 2x6 + x7) 2 472
481 360 483 -123 x(1 + x)(1 + x2)(2 + x+ x2)(2 + 2x2 + 2x3 + x5) 2 480
485 363 487 -124 x(2 + x)(1 + x+ 2x4 + 2x5 + 2x7 + 2x8 + x9) 2 484
489 366 490 -124 x(2 + x)(2 + x+ x2)(1 + 2x+ x2 + x3 + 2x4 + x5 + 2x6 + x7) 2 488
493 369 494 -125 x(1 + x)(2 + x+ x3 + x6 + 2x7 + x9) 2 492
497 372 498 -126 x(1 + x)(1 + 2x+ x3 + x4)(1 + x2 + 2x3 + 2x4 + x5) 2 496
505 378 505 -127 x(2 + x)(2 + 2x+ 2x2 + x3 + x4 + 2x5 + x6 + 2x8 + x9) 2 504
513 384 512 -128 x(1 + x)(2 + 2x+ x2)(2 + 2x+ x3)(1 + x2 + 2x3 + x4) 2 512
521 390 520 -130 x(2 + x)(2 + 2x+ 2x2 + 2x5 + x6 + x7 + x9) 2 520
525 393 523 -130 x(2 + x)(1 + x+ x2 + 2x4 + 2x6 + x7 + 2x8 + x9) 2 524
529 396 527 -131 x(2 + x)(1 + 2x+ x2 + x4)(2 + x+ x2 + 2x3 + x5) 2 528
533 399 531 -132 x(2 + x)(1 + x+ 2x4 + 2x5 + 2x6 + 2x7 + x9) 2 532
537 402 534 -132 x(2 + x)(2 + 2x+ 2x2 + 2x3 + x4 + 2x7 + x8 + x9) 2 536
541 405 538 -133 x(2 + x)(1 + x+ 2x5 + 2x6 + 2x7 + 2x8 + x9) 2 540
545 408 542 -134 x(2 + x)(2 + 2x+ 2x2 + 2x3 + 2x4 + x5 + x6 + x8 + x9) 2 544
553 414 549 -135 x(2 + x)(2 + x+ x2)(1 + 2x+ 2x2 + 2x3 + 2x4 + x6 + x7) 2 552
561 420 556 -136 x(1 + x)(1 + 2x+ 2x2 + 2x3 + x4 + 2x5 + x6 + 2x7 + x9) 2 560
565 423 560 -137 x(1 + x)(2 + x+ x3 + 2x4 + x5 + 2x6 + x7 + x9) 2 564
569 426 563 -137 x(1 + x)(1 + 2x+ x2 + x4 + 2x5 + x6 + 2x8 + x9) 2 568
577 432 571 -139 x(1 + x)(1 + 2x2 + x3)(1 + 2x+ 2x2 + x4 + x5 + x6) 2 576
585 438 578 -140 x(1 + x)(1 + 2x+ x2 + x3 + x4 + x5 + 2x6 + x7 + x9) 2 584
589 441 582 -141 x(1 + x)(2 + x+ 2x2 + 2x4 + x9) 2 588
593 444 585 -141 x(2 + x)(1 + x2)(1 + 2x+ x3)(2 + x+ x2 + 2x3 + x4) 2 592
601 450 593 -143 x(1 + x)(2 + x+ x2 + x3)(2 + 2x2 + x3 + 2x4 + 2x5 + x6) 2 600
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617 462 607 -145 x(2 + x)(2 + x+ x2 + 2x3 + 2x4 + 2x5 + x6 + 2x8 + x9) 2 616
633 474 622 -148 x(2 + x)(2 + 2x+ 2x2 + 2x4 + x7 + x9) 2 632
649 486 636 -150 x(2 + x)(2 + 2x+ 2x2 + x3 + x4)(1 + x+ 2x4 + x5) 2 648
Table 3.3: q = 5.
gM NM Nq(gM ) dM f(x) n hF
51 100 115 -15 x(1 + x)(4 + x)(3 + 4x+ 4x2 + 2x3 + x4) 3 200
52 102 117 -15 x(1 + x)(2 + x)(3 + x)(4 + x)(4 + 3x+ 3x2 + 3x3 + x4) 5 544
53 104 119 -15 x(2 + x)(4 + x)(3 + 3x+ x2)(4 + 3x+ x2) 3 208
55 108 123 -15 x(1 + x)(3 + x)(2 + x+ 3x3 + x4) 3 216
57 112 126 -14 x(1 + x)(4 + x)(4 + 4x+ 4x2 + 4x3 + x4) 3 224
59 116 130 -14 x(2 + x)(3 + x)(1 + x+ 4x3 + x4) 3 232
61 120 134 -14 x(1 + x)(2 + x)(3 + x)(4 + x)(4 + 4x3 + x4) 5 640
63 93 137 -44 x(2 + x)(3 + x+ 2x2 + 2x3 + x5) 2 124
65 128 141 -13 x(2 + x)(3 + x)(3 + 2x+ x2)(2 + 4x+ x2) 3 256
67 132 144 -12 x(2 + x)(4 + x)(2 + 3x+ 3x3 + x4) 3 264
69 102 148 -46 x(2 + x)(3 + x2)(1 + 3x+ 4x2 + x3) 2 136
71 105 151 -46 x(3 + x)(2 + 3x+ x2 + 4x3 + 3x4 + x5) 2 140
73 108 155 -47 x(4 + x)(4 + 4x+ 2x2 + 2x4 + x5) 2 144
75 111 158 -47 x(2 + x)(3 + 4x+ 3x2 + 2x3 + x5) 2 148
76 150 160 -10 x(1 + x)(2 + x)(3 + x)(4 + x)(4 + 4x+ 4x2 + 4x3 + x4) 5 800
77 114 162 -48 x(1 + x)(2 + 4x+ x2)(3 + x+ 2x2 + x3) 2 152
79 130 165 -35 x(1 + x)(3 + x)(4 + x)(1 + x+ x2)(3 + x+ 2x2 + x3) 4 416
81 120 169 -49 x(1 + x)(1 + 4x+ 2x2 + 3x3 + x4 + x5) 2 160
82 135 171 -36 x(1 + x)(2 + x)(3 + x)(1 + 4x+ 2x2 + 4x3 + x5) 4 432
83 123 172 -49 x(2 + x)(3 + x+ x2 + 3x3 + 3x4 + x5) 2 164
85 140 176 -36 x(1 + x)(2 + x)(3 + x)(2 + x+ x2)(3 + 3x+ x3) 4 448
87 129 179 -50 x(2 + x)(3 + x+ 2x2 + 2x3 + 3x4 + x5) 2 172
88 145 181 -36 x(1 + x)(3 + x)(4 + x)(3 + 4x+ 3x2 + 3x4 + x5) 4 464
89 132 183 -51 x(1 + x)(2 + x+ x2)(3 + x+ x2 + x3) 2 176
91 150 186 -36 x(1 + x)(2 + x)(4 + x)(2 + 4x+ x2)(1 + 2x2 + x3) 4 480
93 138 190 -52 x(2 + x)(4 + 3x+ x2)(2 + x2 + x3) 2 184
94 155 192 -37 x(1 + x)(2 + x)(4 + x)(2 + 4x+ 4x3 + 3x4 + x5) 4 496
95 141 193 -52 x(3 + x)(2 + x+ 2x2 + 3x3 + x5) 2 188
97 160 197 -37 x(1 + x)(3 + x)(4 + x)(2 + 4x+ x2)(4 + 4x+ 4x2 + x3) 4 512
99 147 200 -53 x(2 + x)(3 + x+ 2x2 + x4 + x5) 2 196
100 165 202 -37 x(1 + x)(2 + x)(3 + x)(1 + 4x+ x4 + x5) 4 528
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101 150 204 -54 x(3 + x)(2 + x+ x2)(1 + x2 + x3) 2 200
103 170 207 -37 x(1 + x)(3 + x)(4 + x)(4 + 2x+ x2)(2 + x2 + x3) 4 544
105 156 211 -55 x(3 + x)(2 + 4x+ x2)(1 + 2x+ x3) 2 208
106 175 212 -37 x(2 + x)(3 + x)(4 + x)(4 + 4x+ 4x2 + 2x3 + 2x4 + x5) 4 560
107 159 214 -55 x(3 + x)(2 + x+ 2x3 + x5) 2 212
109 180 217 -37 x(1 + x)(2 + x)(4 + x)(1 + x+ x2)(2 + 2x+ 3x2 + x3) 4 576
111 110 221 -111 x(2 + x+ x2 + x3 + x4 + x5 + x6) 1 110
112 185 223 -38 x(2 + x)(3 + x)(4 + x)(4 + 4x+ 3x3 + x4 + x5) 4 592
113 168 224 -56 x(2 + x)(4 + 2x+ x2)(2 + 3x+ x3) 2 224
115 190 228 -38 x(2 + x)(3 + x)(4 + x)(1 + 4x+ x2)(4 + 3x+ 4x2 + x3) 4 608
117 174 231 -57 x(4 + x)(2 + 2x+ 2x2 + 2x4 + x5) 2 232
118 195 233 -38 x(1 + x)(3 + x)(4 + x)(3 + 4x+ x3 + 2x4 + x5) 4 624
119 118 235 -117 x(2 + x2 + 2x3 + 3x4 + 4x5 + x6) 1 118
121 200 238 -38 x(1 + x)(2 + x)(3 + x)(2 + 4x+ x2)(3 + x+ x2 + x3) 4 640
123 122 242 -120 x(2 + 3x4 + x6) 1 122
124 205 243 -38 x(2 + x)(3 + x)(4 + x)(4 + 3x+ 4x2 + x3 + 3x4 + x5) 4 656
125 186 245 -59 x(4 + x)(2 + x2)(4 + 4x+ 2x2 + x3) 2 248
127 210 248 -38 x(2 + x)(3 + x)(4 + x)(3 + 3x+ x2)(3 + 4x2 + x3) 4 672
129 192 252 -60 x(4 + x)(4 + 4x+ 4x2 + 2x3 + 2x4 + x5) 2 256
130 215 254 -39 x(1 + x)(2 + x)(3 + x)(1 + 4x+ 3x2 + 3x3 + 2x4 + x5) 4 688
131 130 255 -125 x(2 + 2x3 + x4 + x6) 1 130
133 220 259 -39 x(1 + x)(3 + x)(4 + x)(3 + 4x+ 3x2 + 4x3 + x4 + x5) 4 704
135 201 262 -61 x(3 + x)(4 + 2x+ 3x2 + 3x3 + x4 + x5) 2 268
136 225 264 -39 x(1 + x)(2 + x)(4 + x)(2 + 4x+ 2x4 + x5) 4 720
137 204 266 -62 x(1 + x)(1 + 4x3 + x4 + x5) 2 272
139 230 269 -39 x(2 + x)(3 + x)(4 + x)(4 + 4x+ 2x2 + x5) 4 736
141 210 272 -62 x(3 + x)(3 + x2)(4 + x+ x3) 2 280
142 235 274 -39 x(2 + x)(3 + x)(4 + x)(4 + 4x+ 3x2 + 3x3 + 2x4 + x5) 4 752
143 142 276 -134 x(2 + x2 + 2x3 + x4 + 2x5 + x6) 1 142
145 240 279 -39 x(1 + x)(2 + x)(3 + x)(1 + 4x+ x5) 4 768
147 219 283 -64 x(2 + x)(1 + 4x2 + x3 + x4 + x5) 2 292
148 245 284 -39 x(1 + x)(3 + x)(4 + x)(3 + 4x+ 3x2 + x4 + x5) 4 784
149 222 286 -64 x(2 + x)(2 + 4x+ x2)(3 + 4x+ x2 + x3) 2 296
151 250 289 -39 x(1 + x)(2 + x)(4 + x)(1 + x+ x2)(2 + 4x+ x3) 4 800
153 152 293 -141 x(1 + 4x2 + x3 + 2x5 + x6) 1 152
154 255 294 -39 x(1 + x)(3 + x)(4 + x)(3 + 4x+ x2 + 3x3 + x4 + x5) 4 816
155 154 296 -142 x(2 + 2x2 + x3 + x4 + 4x5 + x6) 1 154
157 260 299 -39 x(1 + x)(2 + x)(3 + x)(1 + 4x+ x3 + 4x4 + x5) 4 832
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159 158 303 -145 x(2 + 3x2 + 2x5 + x6) 1 158
160 212 304 -92 x(2 + x)(4 + x)(2 + x+ 3x3 + 2x4 + x6) 3 424
161 160 306 -146 x(1 + x+ x2)(1 + 4x+ 3x2 + x4) 1 160
163 216 309 -93 x(1 + x)(2 + x)(3 + 3x+ 4x2 + 3x3 + 4x4 + x6) 3 432
165 164 312 -148 x(2 + x+ x2)(3 + 4x+ 4x2 + x3 + x4) 1 164
166 275 314 -39 x(1 + x)(2 + x)(4 + x)(2 + 4x+ 2x3 + 3x4 + x5) 4 880
167 166 316 -150 x(2 + x+ 4x3 + 2x4 + x5 + x6) 1 166
169 280 319 -39 x(1 + x)(3 + x)(4 + x)(4 + 3x+ x2)(2 + 2x+ 3x2 + x3) 4 896
171 170 322 -152 x(2 + 2x2 + 3x4 + x6) 1 170
172 285 324 -39 x(1 + x)(3 + x)(4 + x)(3 + 4x+ 3x2 + 2x3 + x5) 4 912
173 172 326 -154 x(3 + 2x+ 3x2 + x3)(2 + 4x+ 4x2 + x3) 1 172
175 290 329 -39 x(1 + x)(2 + x)(4 + x)(2 + x2)(1 + 3x+ 4x2 + x3) 4 928
177 176 332 -156 x(1 + x2 + x5 + x6) 1 176
178 295 334 -39 x(2 + x)(3 + x)(4 + x)(4 + 3x+ 4x2 + 2x3 + 2x4 + x5) 4 944
179 178 336 -158 x(3 + x3 + x4 + 3x5 + x6) 1 178
181 300 339 -39 x(1 + x)(2 + x)(4 + x)(3 + x2)(4 + 3x+ x2 + x3) 4 960
183 182 342 -160 x(2 + x+ x2 + x4 + 3x5 + x6) 1 182
184 244 344 -100 x(3 + x)(4 + x)(3 + 2x+ 4x2 + x3 + 2x5 + x6) 3 488
185 184 345 -161 x(1 + x+ 2x3 + 4x4 + 2x5 + x6) 1 184
187 310 349 -39 x(1 + x)(2 + x)(3 + x)(1 + 4x+ x2 + 2x4 + x5) 4 992
189 188 352 -164 x(3 + 3x+ x2)(2 + 3x+ 2x2 + 4x3 + x4) 1 188
190 252 354 -102 x(1 + x)(2 + x)(3 + 3x+ 2x2 + x3 + 3x4 + 3x5 + x6) 3 504
191 190 355 -165 x(3 + x+ 4x3 + 3x4 + 4x5 + x6) 1 190
193 256 359 -103 x(2 + x)(4 + x)(3 + 3x+ x2)(4 + 3x+ 2x2 + x3 + x4) 3 512
195 194 362 -168 x(2 + 3x2 + x3 + 4x5 + x6) 1 194
196 260 363 -103 x(2 + x)(3 + x)(1 + 4x2 + x3 + 2x5 + x6) 3 520
197 196 365 -169 x(2 + 4x+ x2)(3 + 2x+ 3x3 + x4) 1 196
199 330 368 -38 x(2 + x)(3 + x)(4 + x)(4 + 4x+ 4x3 + x4 + x5) 4 1056
201 200 372 -172 x(1 + 2x3 + 3x4 + 4x5 + x6) 1 200
202 335 373 -38 x(1 + x)(2 + x)(3 + x)(1 + 4x2 + 4x3 + x4 + x5) 4 1072
203 202 375 -173 x(2 + 4x2 + 2x3 + 2x5 + x6) 1 202
205 272 378 -106 x(1 + x)(3 + x)(2 + 4x+ 4x2 + 2x3 + 3x4 + x5 + x6) 3 544
207 206 381 -175 x(2 + 2x3 + 3x4 + 3x5 + x6) 1 206
208 276 383 -107 x(3 + x)(4 + x)(3 + 2x+ 4x2 + 3x5 + x6) 3 552
209 208 385 -177 x(2 + x2)(1 + x+ x2)(3 + 2x+ x2) 1 208
211 280 388 -108 x(2 + x)(4 + x)(2 + x+ 4x2 + 4x3 + 2x4 + 3x5 + x6) 3 560
213 212 391 -179 x(2 + 4x+ x3)(3 + 4x+ x3) 1 212
214 284 393 -109 x(3 + x)(4 + x)(3 + 2x2 + 4x3 + 3x4 + 4x5 + x6) 3 568
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215 214 394 -180 x(2 + 3x2 + 2x3 + 3x4 + 3x5 + x6) 1 214
217 288 398 -110 x(1 + x)(3 + x)(2 + 4x+ 4x2 + 3x4 + 3x5 + x6) 3 576
219 218 401 -183 x(2 + 4x4 + x5 + x6) 1 218
220 292 403 -111 x(2 + x)(3 + x)(1 + 4x2 + 2x3 + x4 + 4x5 + x6) 3 584
221 220 404 -184 x(3 + x+ 2x2 + x3)(2 + x+ 4x2 + x3) 1 220
223 296 407 -111 x(1 + x)(4 + x)(2 + x2)(2 + x2 + x4) 3 592
225 224 411 -187 x(4 + 3x+ x2)(4 + 2x+ x3 + x4) 1 224
226 300 412 -112 x(3 + x)(4 + x)(3 + 2x+ 4x2 + 3x3 + 4x5 + x6) 3 600
227 226 414 -188 x(2 + x2 + x3 + x4 + x6) 1 226
229 304 417 -113 x(1 + x)(4 + x)(4 + 4x2 + 4x3 + 4x4 + 2x5 + x6) 3 608
231 230 420 -190 x(3 + x+ 2x2 + 4x3 + 4x4 + 4x5 + x6) 1 230
232 308 422 -114 x(2 + x)(4 + x)(2 + x+ 4x2 + 2x3 + 4x4 + 2x5 + x6) 3 616
233 232 424 -192 x(1 + x2 + x3 + 3x4 + x5 + x6) 1 232
235 312 427 -115 x(2 + x)(4 + x)(3 + x2)(4 + 2x+ x3 + x4) 3 624
237 236 430 -194 x(2 + 3x+ x3)(3 + x+ x2 + x3) 1 236
238 316 432 -116 x(1 + x)(2 + x)(3 + 3x+ x3 + 3x4 + x5 + x6) 3 632
239 238 433 -195 x(2 + 3x2 + x3 + x5 + x6) 1 238
241 320 437 -117 x(1 + x)(4 + x)(1 + 3x+ 4x2 + x3)(4 + 3x+ 4x2 + x3) 3 640
243 242 440 -198 x(2 + x3 + x4 + 4x5 + x6) 1 242
244 324 442 -118 x(1 + x)(3 + x)(2 + 4x+ 4x2 + 4x3 + 3x5 + x6) 3 648
245 244 443 -199 x(3 + x2)(2 + 3x2 + 2x3 + x4) 1 244
247 328 446 -118 x(1 + x)(4 + x)(2 + x2)(2 + x2 + 2x3 + x4) 3 656
249 248 450 -202 x(1 + 4x2 + 2x3 + x4 + 2x5 + x6) 1 248
250 332 451 -119 x(3 + x)(4 + x)(3 + 2x+ 4x2 + 3x3 + 2x4 + 3x5 + x6) 3 664
251 250 453 -203 x(2 + x4 + x6) 1 250
253 336 456 -120 x(3 + x)(4 + x)(2 + 4x+ x3)(4 + 3x+ x2 + x3) 3 672
255 254 459 -205 x(2 + x2 + x3 + 2x4 + x5 + x6) 1 254
256 340 461 -121 x(3 + x)(4 + x)(3 + 2x+ 4x2 + x3 + 4x4 + 2x5 + x6) 3 680
257 256 463 -207 x(1 + x+ x2 + 4x3 + 3x4 + 3x5 + x6) 1 256
259 344 466 -122 x(1 + x)(3 + x)(4 + 2x+ x2)(3 + 2x+ 3x2 + 3x3 + x4) 3 688
261 260 469 -209 x(2 + x+ x2)(3 + 4x+ 4x2 + 2x3 + x4) 1 260
262 348 471 -123 x(2 + x)(4 + x)(2 + x+ 4x2 + 2x3 + 4x4 + x6) 3 696
265 352 476 -124 x(1 + x)(4 + x)(4 + 4x2 + 4x3 + 4x4 + x5 + x6) 3 704
267 266 479 -213 x(3 + 3x2 + 2x3 + 2x4 + 3x5 + x6) 1 266
268 356 480 -124 x(1 + x)(2 + x)(3 + 3x+ 2x2 + 4x3 + 4x4 + x5 + x6) 3 712
271 360 485 -125 x(1 + x)(2 + x)(2 + x2)(4 + 4x+ 3x3 + x4) 3 720
273 272 488 -216 x(1 + x+ 4x2 + 4x4 + 3x5 + x6) 1 272
274 364 490 -126 x(1 + x)(3 + x)(2 + x+ 3x2 + 4x5 + x6) 3 728
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275 274 492 -218 x(3 + x+ 2x2 + 2x3 + 2x5 + x6) 1 274
277 368 495 -127 x(1 + x)(3 + x)(1 + 4x+ 3x2 + x3)(2 + x+ 4x2 + x3) 3 736
280 372 500 -128 x(1 + x)(2 + x)(3 + 3x+ 2x2 + x3 + 4x5 + x6) 3 744
281 280 501 -221 x(1 + x3 + x6) 1 280
283 376 505 -129 x(3 + x)(4 + x)(4 + 2x+ x2)(2 + 2x+ 2x2 + x3 + x4) 3 752
285 284 508 -224 x(1 + x+ x2)(2 + 3x2 + 2x3 + x4) 1 284
286 380 509 -129 x(1 + x)(3 + x)(2 + 4x+ 4x2 + 4x3 + 4x4 + 4x5 + x6) 3 760
289 432 514 -82 (4x+ x5)(1 + x+ 3x4 + 2x5 + x6) 5 2304
291 290 518 -228 x(2 + 3x2 + 2x3 + 4x4 + 2x5 + x6) 1 290
292 388 519 -131 x(2 + x)(4 + x)(2 + x+ x2 + 3x3 + x5 + x6) 3 776
293 292 521 -229 x(4 + 3x2 + x3)(3 + 4x2 + x3) 1 292
295 392 524 -132 x(1 + x)(2 + x)(1 + 4x+ x2)(3 + x+ 2x2 + x3 + x4) 3 784
297 444 527 -83 (4 + x+ x3)(4 + 4x+ 2x2 + x3)(4x+ x5) 5 2368
298 396 529 -133 x(2 + x)(3 + x)(1 + 4x2 + x3 + 2x4 + 4x5 + x6) 3 792
301 450 534 -84 (4x+ x5)(1 + 4x2 + 2x3 + 2x4 + 2x5 + x6) 5 2400
304 404 538 -134 x(2 + x)(3 + x)(1 + 2x2 + 3x4 + x5 + x6) 3 808
305 304 540 -236 x(4 + 3x+ x2)(4 + x+ 2x2 + 4x3 + x4) 1 304
307 408 543 -135 x(3 + x)(4 + x)(3 + 4x+ x3)(1 + x+ 3x2 + x3) 3 816
309 308 547 -239 x(4 + x+ 2x2 + 2x4 + 4x5 + x6) 1 308
310 412 548 -136 x(3 + x)(4 + x)(3 + 2x+ x2 + 4x3 + 2x5 + x6) 3 824
311 310 550 -240 x(3 + x+ 2x3 + x4 + x5 + x6) 1 310
313 416 553 -137 x(1 + x)(2 + x)(1 + x+ x3)(3 + 4x2 + x3) 3 832
315 314 556 -242 x(2 + x2 + 2x3 + 3x5 + x6) 1 314
316 420 558 -138 x(3 + x)(4 + x)(3 + 2x+ 2x2 + x4 + 4x5 + x6) 3 840
317 316 559 -243 x(3 + 3x+ x2)(2 + x2 + 3x3 + x4) 1 316
319 424 563 -139 x(2 + x)(3 + x)(2 + 3x+ x3)(3 + 3x+ x3) 3 848
321 480 566 -86 (3 + x+ x2 + x3)(2 + x+ 4x2 + x3)(4x+ x5) 5 2560
322 428 567 -139 x(1 + x)(2 + x)(3 + 3x+ x2 + 3x3 + 3x4 + x6) 3 856
325 486 572 -86 (4x+ x5)(1 + x2 + 2x3 + 4x4 + 2x5 + x6) 5 2592
327 326 575 -249 x(3 + x+ 4x2 + 2x4 + 3x5 + x6) 1 326
328 436 577 -141 x(2 + x)(4 + x)(2 + x+ 4x2 + 2x3 + x5 + x6) 3 872
329 492 579 -87 (3 + 4x+ x2 + x3)(2 + 4x+ 4x2 + x3)(4x+ x5) 5 2624
331 440 582 -142 x(3 + x)(4 + x)(4 + 3x+ x2)(2 + 4x+ x3 + x4) 3 880
333 332 585 -253 x(2 + 3x2 + x3)(1 + 3x+ 4x2 + x3) 1 332
334 444 587 -143 x(3 + x)(4 + x)(3 + 2x+ x2 + x3 + 4x4 + x6) 3 888
335 334 588 -254 x(3 + 4x2 + 2x4 + x5 + x6) 1 334
337 504 592 -88 (4 + 2x+ x3)(4 + 3x+ x2 + x3)(4x+ x5) 5 2688
339 338 595 -257 x(3 + x2 + x4 + x6) 1 338
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340 452 596 -144 x(1 + x)(2 + x)(3 + 3x+ x3 + 2x4 + 4x5 + x6) 3 904
341 510 598 -88 (4x+ x5)(1 + 2x3 + 3x4 + 4x5 + x6) 5 2720
343 456 601 -145 x(1 + x)(2 + x)(1 + 4x+ x2 + x3)(3 + x+ 2x2 + x3) 3 912
345 516 604 -88 (4x+ x5)(1 + 4x2 + x3 + 2x4 + 3x5 + x6) 5 2752
346 460 606 -146 x(2 + x)(4 + x)(2 + x+ x2 + x3 + 4x4 + 4x5 + x6) 3 920
349 464 611 -147 x(3 + x)(4 + x)(1 + 2x+ x3)(3 + x+ 2x2 + x3) 3 928
351 350 614 -264 x(3 + 3x2 + 2x3 + 3x4 + 2x5 + x6) 1 350
352 468 616 -148 x(1 + x)(3 + x)(2 + x+ 3x2 + x3 + x6) 3 936
353 528 617 -89 (4x+ x5)(1 + x2 + x5 + x6) 5 2816
355 472 620 -148 x(1 + x)(3 + x)(2 + 4x+ x2)(1 + 4x2 + 3x3 + x4) 3 944
357 534 624 -90 (4x+ x5)(1 + x2 + 2x3 + x4 + x6) 5 2848
358 476 625 -149 x(2 + x)(4 + x)(2 + x+ 4x2 + 2x3 + x4 + 3x5 + x6) 3 952
361 540 630 -90 (4 + 3x+ x2)(4 + 2x+ x3 + x4)(4x+ x5) 5 2880
364 484 635 -151 x(1 + x)(2 + x)(3 + 3x+ 3x2 + 4x4 + x6) 3 968
365 546 636 -90 (4x+ x5)(1 + x3 + 2x4 + x5 + x6) 5 2912
367 488 639 -151 x(2 + x)(3 + x)(4 + 3x+ x2)(4 + 2x+ 4x2 + 3x3 + x4) 3 976
369 552 643 -91 (4x+ x5)(1 + x4 + x5 + x6) 5 2944
370 492 644 -152 x(2 + x)(3 + x)(1 + x2 + x3 + 4x4 + 4x5 + x6) 3 984
373 558 649 -91 (4x+ x5)(1 + 3x2 + 2x3 + 4x4 + 3x5 + x6) 5 2976
376 500 654 -154 x(3 + x)(4 + x)(3 + 2x+ 2x3 + 3x4 + 2x5 + x6) 3 1000
377 564 655 -91 (3 + x2)(2 + 3x2 + 2x3 + x4)(4x+ x5) 5 3008
379 504 658 -154 x(1 + x)(3 + x)(2 + 4x+ 4x2 + 4x3 + 2x5 + x6) 3 1008
381 570 661 -91 (4x+ x5)(1 + x3 + 3x5 + x6) 5 3040
382 508 663 -155 x(3 + x)(4 + x)(3 + 2x+ 2x3 + 4x4 + x6) 3 1016
385 576 668 -92 (1 + x+ x2)(1 + 4x+ x3 + x4)(4x+ x5) 5 3072
388 516 672 -156 x(2 + x)(4 + x)(2 + x+ x2 + 3x3 + 3x5 + x6) 3 1032
391 520 677 -157 x(1 + x)(4 + x)(2 + 4x+ 2x2 + x3)(2 + x+ 3x2 + x3) 3 1040
393 588 680 -92 (4x+ x5)(1 + x3 + 3x4 + x5 + x6) 5 3136
394 524 682 -158 x(3 + x)(4 + x)(3 + x2 + 3x4 + 4x5 + x6) 3 1048
397 528 687 -159 x(2 + x)(4 + x)(2 + x+ 4x2 + 4x3 + x4 + x6) 3 1056
400 532 691 -159 x(1 + x)(2 + x)(3 + 4x+ x3 + 3x4 + 4x5 + x6) 3 1064
401 600 693 -93 (4x+ x5)(1 + x3 + x4 + x6) 5 3200
403 536 696 -160 x(2 + x)(4 + x)(1 + x+ x2)(2 + 4x+ x3 + x4) 3 1072
406 540 701 -161 x(1 + x)(3 + x)(2 + 4x+ 4x3 + x4 + x6) 3 1080
409 612 705 -93 (4x+ x5)(1 + 2x3 + 3x4 + 2x5 + x6) 5 3264
412 548 710 -162 x(2 + x)(4 + x)(2 + x+ 3x2 + x3 + 2x4 + 4x5 + x6) 3 1096
413 618 712 -94 (4x+ x5)(1 + 2x3 + x4 + 2x5 + x6) 5 3296
415 552 715 -163 x(2 + x)(4 + x)(3 + x2)(4 + 2x+ x4) 3 1104
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417 624 718 -94 (2 + x2)(1 + x+ x2)(3 + 2x+ x2)(4x+ x5) 5 3328
418 417 719 -302 x(3 + x)(2 + x+ 3x2 + 4x3 + x4 + 4x6 + x7) 2 556
421 630 724 -94 (4x+ x5)(1 + x2 + x3 + 3x4 + 4x5 + x6) 5 3360
424 423 729 -306 x(2 + x)(3 + x+ 2x2 + 4x3 + x4 + 2x5 + 4x6 + x7) 2 564
425 636 730 -94 (3 + x2)(2 + x2 + 2x3 + x4)(4x+ x5) 5 3392
427 568 734 -166 x(1 + x)(3 + x)(1 + x+ x3)(2 + 4x+ 4x2 + x3) 3 1136
429 642 737 -95 (4x+ x5)(1 + x3 + 4x4 + x5 + x6) 5 3424
430 572 738 -166 x(1 + x)(2 + x)(3 + 3x+ 4x2 + 3x3 + x4 + x5 + x6) 3 1144
433 648 743 -95 (2 + x2)(4 + 2x+ x2)(2 + 4x+ x2)(4x+ x5) 5 3456
436 580 748 -168 x(2 + x)(4 + x)(2 + 2x2 + x3 + 4x4 + x5 + x6) 3 1160
437 654 749 -95 (4x+ x5)(1 + x3 + x6) 5 3488
439 584 752 -168 x(1 + x)(3 + x)(1 + x2 + x3)(2 + 4x+ 2x2 + x3) 3 1168
441 660 755 -95 (2 + 3x2 + x3)(3 + 4x2 + x3)(4x+ x5) 5 3520
442 588 757 -169 x(3 + x)(4 + x)(3 + 2x+ 2x2 + x6) 3 1176
445 592 762 -170 x(1 + x)(4 + x)(4 + x2 + 4x3 + 3x4 + x5 + x6) 3 1184
448 447 766 -319 x(2 + x)(3 + x+ 2x2 + 2x3 + 2x5 + 3x6 + x7) 2 596
449 672 768 -96 (4 + x+ x3)(4 + 4x+ 4x2 + x3)(4x+ x5) 5 3584
451 600 771 -171 x(1 + x)(2 + x)(3 + 3x+ 4x2 + x3 + 2x4 + x6) 3 1200
454 453 776 -323 x(2 + x)(3 + x+ 2x2 + 4x3 + 3x5 + 2x6 + x7) 2 604
457 684 780 -96 (4x+ x5)(1 + 2x2 + 2x3 + 2x4 + 3x5 + x6) 5 3648
460 612 785 -173 x(2 + x)(4 + x)(2 + x+ 2x3 + 3x4 + x6) 3 1224
463 616 790 -174 x(1 + x)(2 + x)(3 + 3x+ 4x2 + 3x3 + 3x4 + 4x5 + x6) 3 1232
465 696 793 -97 (4x+ x5)(1 + 3x4 + 2x5 + x6) 5 3712
466 620 794 -174 x(2 + x)(3 + x)(1 + 2x3 + 3x4 + x6) 3 1240
469 702 799 -97 (4x+ x5)(1 + x+ 3x5 + x6) 5 3744
472 628 804 -176 x(1 + x)(3 + x)(2 + 4x+ 2x2 + x3 + 2x4 + x5 + x6) 3 1256
475 474 808 -334 x(3 + x)(3 + 3x+ x2)(4 + 3x+ x3 + 3x4 + x5) 2 632
478 477 813 -336 x(3 + x)(2 + x+ 3x2 + 4x3 + 3x4 + x5 + 2x6 + x7) 2 636
481 720 818 -98 (2 + 4x+ x3)(3 + 4x+ 3x2 + x3)(4x+ x5) 5 3840
484 483 822 -339 x(3 + x)(2 + x+ 3x2 + 3x3 + x4 + 4x5 + 4x6 + x7) 2 644
487 648 827 -179 x(2 + x)(4 + x)(2 + x+ 4x2 + 4x5 + x6) 3 1296
489 732 830 -98 (3 + x2)(2 + x2 + x4)(4x+ x5) 5 3904
490 652 832 -180 x(2 + x)(3 + x)(1 + 4x2 + x3 + x4 + 4x5 + x6) 3 1304
493 656 836 -180 x(2 + x)(3 + x)(3 + x2)(2 + 4x2 + x4) 3 1312
496 495 841 -346 x(3 + x)(2 + x+ 3x2 + x3 + 4x4 + 4x5 + x6 + x7) 2 660
497 744 843 -99 (3 + 2x+ x2)(2 + 2x+ 3x2 + 3x3 + x4)(4x+ x5) 5 3968
499 664 846 -182 x(1 + x)(4 + x)(2 + 4x+ x2)(2 + x+ x2 + 4x3 + x4) 3 1328
505 756 855 -99 (4x+ x5)(1 + x2 + 2x3 + 2x4 + 2x5 + x6) 5 4032
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511 510 864 -354 x(2 + x)(1 + 4x+ x2)(3 + 4x+ 3x2 + 4x3 + x4 + x5) 2 680
513 768 867 -99 (2 + x+ x2)(3 + x+ 4x2 + 3x3 + x4)(4x+ x5) 5 4096
517 516 874 -358 x(1 + x)(1 + 4x+ x2 + 2x4 + 2x5 + x6 + x7) 2 688
523 522 883 -361 x(2 + x)(1 + 4x+ 3x2 + x3)(3 + 4x+ 2x2 + 4x3 + x4) 2 696
526 525 888 -363 x(3 + x)(2 + x+ 3x2 + x3 + x5 + x7) 2 700
529 528 892 -364 x(4 + x)(4 + 4x+ 4x2 + 4x3 + 4x4 + 2x5 + 3x6 + x7) 2 704
541 540 911 -371 x(2 + x)(2 + x+ x2)(4 + x+ x2 + x3 + x4 + x5) 2 720
547 728 920 -192 x(3 + x)(4 + x)(4 + 2x+ x3)(2 + 2x+ 2x2 + x3) 3 1456
Table 3.4: q = 7.
gM NM Nq(gM ) dM f(x) n hF
5 16 29 -13 x(5 + x)(6 + x)(4 + 6x+ x2) 3 32
6 20 32 -12 x(2 + x)(6 + x)(3 + 5x+ x2) 3 40
7 24 36 -12 x(1 + x)(6 + x)(6 + 6x+ x2) 3 48
8 28 39 -11 x(1 + x)(3 + x)(5 + 5x+ x2) 3 56
9 32 42 -10 x(1 + x)(2 + x)(4 + x+ x2) 3 64
10 36 45 -9 x(1 + x)(5 + x)(3 + 2x+ x2) 3 72
11 30 49 -19 x(2 + x)(4 + 5x+ x2 + x3) 2 40
12 33 52 -19 x(2 + x)(5 + 6x+ 4x2 + x3) 2 44
13 48 55 -7 x(2 + x)(5 + x)(5 + 3x+ x2) 3 96
14 39 57 -18 x(5 + x)(2 + 4x+ 5x2 + x3) 2 52
15 42 60 -18 x(5 + x)(3 + 5x+ 6x2 + x3) 2 56
16 45 63 -18 x(2 + x)(5 + 5x+ x3) 2 60
17 48 66 -18 x(3 + x)(5 + 3x+ x3) 2 64
18 51 68 -17 x(2 + x)(5 + 5x+ 6x2 + x3) 2 68
19 54 71 -17 x(3 + x)(4 + x)(5 + x)(6 + x)(5 + 2x+ x2) 5 288
20 38 74 -36 x(3 + x+ 2x2 + 3x3 + x4) 1 38
21 60 77 -17 x(4 + x)(2 + 3x+ 6x2 + x3) 2 80
22 63 79 -16 x(1 + x)(3 + 4x+ 3x2 + x3) 2 84
23 66 82 -16 x(3 + x)(5 + 3x+ 2x2 + x3) 2 88
24 46 85 -39 x(3 + x2 + x4) 1 46
25 72 87 -15 x(1 + x)(2 + x)(5 + x)(6 + x)(2 + x2) 5 384
26 50 90 -40 x(3 + x2 + 3x3 + x4) 1 50
27 78 93 -15 x(6 + x)(6 + 6x+ 5x2 + x3) 2 104
29 70 98 -28 x(2 + x)(4 + x)(5 + x)(3 + 4x+ x2 + x3) 4 224
30 58 101 -43 x(3 + 2x+ 3x2 + x3 + x4) 1 58
31 90 103 -13 x(1 + x)(4 + x)(5 + x)(6 + x)(1 + 3x+ x2) 5 480
32 62 106 -44 x(3 + 2x2 + x4) 1 62
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33 96 109 -13 x(2 + x)(4 + x)(5 + x)(6 + x)(1 + 3x+ x2) 5 512
34 66 111 -45 x(3 + 2x2 + 5x3 + x4) 1 66
35 85 114 -29 x(3 + x)(4 + x)(5 + x)(2 + 3x+ 6x2 + x3) 4 272
36 70 117 -47 x(3 + x+ 5x2 + 3x3 + x4) 1 70
37 90 119 -29 x(1 + x)(3 + x)(4 + x)(3 + 4x+ 3x2 + x3) 4 288
38 74 122 -48 x(3 + 4x+ x2 + 2x3 + x4) 1 74
39 95 125 -30 x(1 + x)(2 + x)(6 + x)(3 + 5x+ 4x2 + x3) 4 304
40 78 127 -49 x(3 + 4x2 + 2x3 + x4) 1 78
41 100 130 -30 x(4 + x)(5 + x)(6 + x)(1 + 3x+ x2 + x3) 4 320
43 105 135 -30 x(1 + x)(3 + x)(6 + x)(2 + 4x+ 5x2 + x3) 4 336
45 110 140 -30 x(3 + x)(4 + x)(6 + x)(4 + 4x+ 4x2 + x3) 4 352
46 90 142 -52 x(3 + x+ 3x2 + 3x3 + x4) 1 90
47 115 145 -30 x(1 + x)(3 + x)(5 + x)(1 + 6x+ 4x2 + x3) 4 368
48 94 147 -53 x(3 + x+ 4x2 + 6x3 + x4) 1 94
49 120 150 -30 x(3 + x)(5 + x)(6 + x)(6 + 6x2 + x3) 4 384
50 98 152 -54 x(3 + x+ 2x2 + x3 + x4) 1 98
51 125 154 -29 x(1 + x)(4 + x)(5 + x)(6 + 5x+ 6x2 + x3) 4 400
52 136 157 -21 (1 + x2)(−x+ x7) 7 2176
53 104 159 -55 x(2 + x)(5 + x)(3 + 6x+ x2)(4 + 6x+ x2) 3 208
55 135 164 -29 x(3 + x)(4 + x)(6 + x)(4 + 4x+ 6x2 + x3) 4 432
57 140 169 -29 x(1 + x)(2 + x)(3 + x)(6 + 3x+ 6x2 + x3) 4 448
59 145 174 -29 x(2 + x)(4 + x)(6 + x)(6 + 4x+ x2 + x3) 4 464
60 118 176 -58 x(3 + x2 + 6x3 + x4) 1 118
61 150 179 -29 x(3 + x)(4 + x)(6 + x)(4 + x+ 3x2 + x3) 4 480
63 124 183 -59 x(1 + x)(3 + x)(5 + 3x+ x2 + 2x3 + x4) 3 248
65 128 188 -60 x(3 + x)(4 + x)(3 + 2x+ x2)(1 + 4x+ x2) 3 256
67 132 193 -61 x(1 + x)(3 + x)(5 + 5x+ 6x2 + 2x3 + x4) 3 264
69 170 198 -28 x(1 + x)(3 + x)(6 + x)(2 + 6x+ 2x2 + x3) 4 544
71 140 202 -62 x(2 + x)(3 + x)(6 + 2x+ x2 + 2x3 + x4) 3 280
73 144 207 -63 x(1 + x)(4 + x)(2 + 2x+ x2)(1 + 3x+ x2) 3 288
75 185 212 -27 x(1 + x)(2 + x)(3 + x)(6 + 3x+ 3x2 + x3) 4 592
77 190 217 -27 x(1 + x)(3 + x)(4 + x)(6 + x+ 2x2 + x3) 4 608
79 195 221 -26 x(1 + x)(3 + x)(5 + x)(1 + x+ 3x2 + x3) 4 624
81 160 226 -66 x(1 + x)(2 + x)(4 + x+ 5x3 + x4) 3 320
83 164 231 -67 x(2 + x)(6 + x)(3 + 5x+ 6x2 + x4) 3 328
85 196 236 -40 (1 + 3x+ 4x2 + x3)(x+ x2 + x3 + x4 + x5 + x6) 6 1792
87 172 240 -68 x(4 + x)(6 + x)(5 + 2x+ 2x2 + 3x3 + x4) 3 344
89 176 245 -69 x(4 + x)(5 + x)(3 + 2x+ x2)(2 + 5x+ x2) 3 352
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91 180 250 -70 x(1 + x)(5 + x)(3 + 2x+ 4x3 + x4) 3 360
93 184 254 -70 x(1 + x)(3 + x)(2 + x2)(6 + 6x+ x2) 3 368
95 188 259 -71 x(2 + x)(3 + x)(6 + 2x+ 6x2 + x3 + x4) 3 376
97 224 264 -40 (1 + x+ 5x2 + x3)(x+ x2 + x3 + x4 + x5 + x6) 6 2048
99 196 269 -73 x(1 + x)(5 + x)(3 + 2x+ 4x2 + x3 + x4) 3 392
101 200 273 -73 x(4 + x)(5 + x)(2 + 2x+ x2)(3 + 6x+ x2) 3 400
103 204 278 -74 x(2 + x)(6 + x)(3 + 5x+ 4x2 + 6x3 + x4) 3 408
105 208 283 -75 x(1 + x)(6 + x)(4 + x+ x2)(5 + 2x+ x2) 3 416
106 245 285 -40 (1 + 2x2 + x3)(x+ x2 + x3 + x4 + x5 + x6) 6 2240
107 212 287 -75 x(2 + x)(6 + x)(3 + 5x+ 4x3 + x4) 3 424
109 252 292 -40 (2 + x+ 6x2 + x3)(x+ x2 + x3 + x4 + x5 + x6) 6 2304
111 220 297 -77 x(4 + x)(6 + x)(5 + 2x+ 6x2 + 5x3 + x4) 3 440
113 224 301 -77 x(3 + x)(4 + x)(1 + 3x+ x2)(3 + 5x+ x2) 3 448
115 266 306 -40 (2 + 4x+ 2x2 + x3)(x+ x2 + x3 + x4 + x5 + x6) 6 2432
117 232 311 -79 x(2 + x)(4 + x)(1 + x+ 3x2 + 3x3 + x4) 3 464
119 236 315 -79 x(4 + x)(6 + x)(5 + 3x+ 3x2 + x4) 3 472
121 240 320 -80 x(1 + x)(4 + x)(2 + x+ 6x2 + 2x3 + x4) 3 480
123 244 325 -81 x(4 + x)(5 + x)(6 + 5x+ x2 + 5x3 + x4) 3 488
125 248 330 -82 x(3 + x)(5 + x)(1 + 6x+ x2 + x3 + x4) 3 496
127 294 334 -40 (2 + 3x+ 4x2 + x3)(x+ x2 + x3 + x4 + x5 + x6) 6 2688
129 256 339 -83 x(2 + x)(5 + x)(5 + x2 + x3 + x4) 3 512
131 260 344 -84 x(2 + x)(3 + x)(6 + x+ 4x2 + 5x3 + x4) 3 520
133 308 348 -40 (1 + 4x2 + x3)(x+ x2 + x3 + x4 + x5 + x6) 6 2816
135 268 353 -85 x(1 + x)(3 + x)(5 + 3x+ 5x2 + 6x3 + x4) 3 536
136 270 355 -85 x(1 + x)(2 + x)(3 + x)(4 + x)(4 + x+ 2x2 + 2x3 + x4) 5 1440
137 272 357 -85 x(1 + x)(3 + x)(1 + x2)(5 + 5x+ x2) 3 544
139 276 361 -85 x(1 + x)(5 + x)(3 + 5x+ 4x3 + x4) 3 552
141 280 366 -86 x(3 + x)(5 + x)(1 + 6x2 + 2x3 + x4) 3 560
142 329 368 -39 (1 + x2 + x3)(x+ x2 + x3 + x4 + x5 + x6) 6 3008
143 284 370 -86 x(4 + x)(6 + x)(5 + 2x2 + 2x3 + x4) 3 568
145 288 375 -87 x(5 + x)(6 + x)(4 + 6x+ 2x3 + x4) 3 576
147 292 379 -87 x(1 + x)(3 + x)(5 + 3x+ 6x2 + x4) 3 584
148 294 382 -88 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 2x+ x2 + x4) 5 1568
151 300 388 -88 x(1 + x)(2 + x)(3 + x)(4 + x)(2 + 6x2 + x3 + x4) 5 1600
153 304 393 -89 x(2 + x)(4 + x)(1 + 2x+ 4x2 + 3x3 + x4) 3 608
154 306 395 -89 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 4x+ 4x2 + 3x3 + x4) 5 1632
155 308 397 -89 x(1 + x)(5 + x)(3 + 5x+ 4x2 + 6x3 + x4) 3 616
157 312 402 -90 x(1 + x)(2 + x)(3 + x)(4 + x)(2 + 2x+ x2)(3 + 5x+ x2) 5 1664
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159 316 406 -90 x(2 + x)(6 + x)(3 + x+ 2x2 + 3x3 + x4) 3 632
160 318 408 -90 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 2x+ 4x2 + 2x3 + x4) 5 1696
161 320 410 -90 x(5 + x)(6 + x)(6 + 4x+ x2)(3 + 6x+ x2) 3 640
163 324 415 -91 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x+ 5x2 + 5x3 + x4) 5 1728
165 328 419 -91 x(1 + x)(6 + x)(6 + 5x2 + 3x3 + x4) 3 656
166 330 421 -91 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 4x+ 4x3 + x4) 5 1760
169 336 428 -92 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x+ x2 + 6x3 + x4) 5 1792
171 340 433 -93 x(2 + x)(6 + x)(3 + 5x+ 6x2 + 4x3 + x4) 3 680
172 342 435 -93 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 3x+ 4x2 + 4x3 + x4) 5 1824
173 344 437 -93 x(1 + x)(2 + x)(6 + x+ x2)(3 + 2x+ x2) 3 688
175 348 441 -93 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 3x+ 2x2 + 6x3 + x4) 5 1856
177 352 446 -94 x(2 + x)(4 + x)(1 + x+ 3x2 + 2x3 + x4) 3 704
178 354 448 -94 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 6x+ 2x2 + 3x3 + x4) 5 1888
179 356 450 -94 x(4 + x)(5 + x)(6 + 4x+ 6x2 + x3 + x4) 3 712
181 360 455 -95 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x+ 3x3 + x4) 5 1920
184 366 461 -95 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 2x+ 3x2 + 6x3 + x4) 5 1952
187 372 468 -96 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 6x2 + 2x3 + x4) 5 1984
191 380 477 -97 x(2 + x)(3 + x)(5 + 4x+ 3x2 + x4) 3 760
193 384 481 -97 x(3 + x)(5 + x)(5 + 4x+ x2)(3 + 5x+ x2) 3 768
196 390 488 -98 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x3 + x4) 5 2080
199 396 494 -98 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 6x+ x2 + 3x3 + x4) 5 2112
202 402 501 -99 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 3x+ x3 + x4) 5 2144
205 408 507 -99 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 4x+ x2)(4 + 6x+ x2) 5 2176
208 414 514 -100 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x2 + x3 + x4) 5 2208
211 420 520 -100 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 5x+ 2x2 + 4x3 + x4) 5 2240
214 426 527 -101 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x+ x2 + x3 + x4) 5 2272
217 432 534 -102 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x+ x4) 5 2304
223 444 547 -103 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x+ 3x2 + 5x3 + x4) 5 2368
226 450 553 -103 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 3x+ 6x2 + x3 + x4) 5 2400
229 456 560 -104 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 2x2 + x3 + x4) 5 2432
232 462 566 -104 x(1 + x)(2 + x)(3 + x)(4 + x)(2 + 4x2 + 2x3 + x4) 5 2464
235 468 573 -105 x(1 + x)(2 + x)(3 + x)(4 + x)(2 + 5x3 + x4) 5 2496
238 474 579 -105 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 5x+ x2 + 2x3 + x4) 5 2528
241 480 586 -106 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x+ 2x2 + x4) 5 2560
244 486 592 -106 x(1 + x)(2 + x)(3 + x)(4 + x)(3 + x2 + 6x3 + x4) 5 2592
247 492 599 -107 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 4x+ 4x2 + 5x3 + x4) 5 2624
250 498 605 -107 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 3x+ x2 + 6x3 + x4) 5 2656
253 504 612 -108 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 2x+ 3x2 + 5x3 + x4) 5 2688
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256 510 618 -108 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 6x3 + x4) 5 2720
259 516 625 -109 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 4x+ 3x2 + 4x3 + x4) 5 2752
265 528 638 -110 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x2)(3 + 5x+ x2) 5 2816
268 534 645 -111 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 5x2 + 3x3 + x4) 5 2848
271 540 651 -111 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x+ 3x2 + 2x3 + x4) 5 2880
280 558 671 -113 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 5x+ 5x2 + x3 + x4) 5 2976
283 564 677 -113 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 3x+ 4x2 + 2x3 + x4) 5 3008
286 570 684 -114 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 5x+ 4x2 + 4x3 + x4) 5 3040
292 582 697 -115 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 2x+ 5x3 + x4) 5 3104
295 588 703 -115 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x2 + 5x3 + x4) 5 3136
298 594 710 -116 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x2 + 6x3 + x4) 5 3168
301 600 716 -116 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x2)(6 + 4x+ x2) 5 3200
304 606 723 -117 x(1 + x)(2 + x)(3 + x)(4 + x)(2 + 2x+ 2x2 + 4x3 + x4) 5 3232
310 618 736 -118 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 5x+ x2 + 3x3 + x4) 5 3296
313 624 742 -118 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 5x2 + 4x3 + x4) 5 3328
319 636 755 -119 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 3x+ x2)(3 + 6x+ x2) 5 3392
325 648 768 -120 x(1 + x)(2 + x)(3 + x)(4 + x)(2 + 6x2 + 6x3 + x4) 5 3456
328 654 774 -120 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 6x+ x2 + x4) 5 3488
331 660 781 -121 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 2x+ 5x2 + 6x3 + x4) 5 3520
340 678 800 -122 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x+ x2 + 4x3 + x4) 5 3616
352 702 826 -124 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 4x+ x2 + 2x3 + x4) 5 3744
355 708 833 -125 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x2)(2 + 5x+ x2) 5 3776
361 720 846 -126 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + 3x+ 3x3 + x4) 5 3840
364 726 852 -126 x(1 + x)(2 + x)(3 + x)(4 + x)(1 + x+ 3x2 + 3x3 + x4) 5 3872
376 750 878 -128 x(1 + x)(2 + x)(3 + x)(4 + x)(2 + 2x+ 4x2 + x4) 5 4000
379 756 885 -129 x(1 + x)(2 + x)(3 + x)(4 + x)(2 + 4x+ x2 + 3x3 + x4) 5 4032
449 896 1032 -136 (6x+ x7)(1 + 6x3 + x4) 7 14336
481 960 1098 -138 (6x+ x7)(1 + x2)(2 + 2x+ x2) 7 15360
513 1024 1165 -141 (6x+ x7)(1 + x3 + x4) 7 16384
537 1072 1215 -143 (6x+ x7)(1 + x2 + 2x3 + x4) 7 17152
561 1120 1264 -144 (6x+ x7)(1 + x2)(1 + 3x+ x2) 7 17920
577 1152 1297 -145 (6x+ x7)(1 + 5x2 + 3x3 + x4) 7 18432
Table 3.5: q = 9.
gM NM Nq(gM ) dM f(x) n hF
51 150 189 -39 2x + 2ax + 2x2 + 2ax2 + x3 + 2ax3 + x4 + ax4 + 2ax5 + x6 + x7 5 800
63 186 226 -40 x + 2ax + 2x2 + 2ax2 + ax3 + x4 + 2ax4 + x5 + 2ax5 + ax6 + x7 5 992
124 328 400 -72 2x + 2ax + x2 + ax2 + ax3 + 2x5 + 2ax5 + x6 + 2x7 + 2x8 + ax8 + x9 7 5248
163 432 507 -75 2x + 2ax + 2x2 + ax4 + x5 + 2ax5 + 2x6 + ax6 + x7 + ax7 + x8 + x9 7 6912
184 488 565 -77 2x + 2ax + x2 + 2x3 + 2ax3 + x4 + 2ax4 + x5 + ax5 + 2x7 + ax7 + ax8 + x9 7 7808
196 455 598 -143 2ax + 2ax3 + ax4 + ax5 + 2x6 + ax6 + x7 + 2ax7 + 2ax8 + x9 6 4160
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205 476 623 -147 ax + x2 + 2x3 + 2ax3 + ax4 + ax5 + x6 + 2ax6 + x7 + ax7 + 2x8 + 2ax8 + x9 6 4352
229 532 689 -157 2x + x2 + x4 + 2ax4 + x5 + x6 + ax6 + x7 + ax7 + 2x8 + ax8 + x9 6 4864
244 567 730 -163 2x + ax2 + x3 + ax3 + 2x5 + 2ax5 + 2x6 + 2ax6 + 2x7 + ax7 + ax8 + x9 6 5184
253 588 754 -166 2ax + ax2 + x3 + ax4 + 2x5 + x6 + x9 6 5376
256 595 762 -167 x + 2ax + 2x2 + x3 + ax3 + 2ax4 + 2ax5 + 2x6 + ax6 + 2x7 + 2ax7 + x8 + ax8 + x9 6 5440
259 602 769 -167 2ax + 2ax2 + 2x3 + x4 + 2x5 + x6 + ax6 + x7 + x8 + 2ax8 + x9 6 5504
265 616 785 -169 2x + 2x2 + ax2 + x3 + 2ax3 + x4 + 2ax4 + ax5 + 2ax6 + 2x7 + ax7 + 2ax8 + x9 6 5632
271 630 801 -171 2ax + x2 + ax2 + 2x3 + 2ax4 + 2ax5 + x6 + x7 + 2ax7 + 2x8 + x9 6 5760
274 637 809 -172 2ax + 2x4 + 2ax4 + 2x5 + x6 + 2ax6 + 2x7 + 2x8 + ax8 + x9 6 5824
277 644 817 -173 2ax + x2 + 2ax2 + 2ax3 + 2x4 + x5 + 2x6 + x7 + ax7 + x8 + x9 6 5888
283 658 832 -174 2ax + 2ax2 + 2ax4 + 2x5 + 2ax5 + x7 + ax7 + x8 + ax8 + x9 6 6016
289 672 848 -176 2ax + x2 + 2ax3 + x4 + x5 + ax5 + 2ax6 + 2x7 + 2x8 + x9 6 6144
292 679 856 -177 2ax + 2x3 + 2x5 + ax5 + 2x6 + 2x7 + 2ax7 + 2x8 + 2ax8 + x9 6 6208
298 693 871 -178 2x + ax2 + ax3 + x4 + ax4 + 2x5 + 2x7 + 2ax8 + x9 6 6336
304 707 887 -180 2x + 2ax + ax2 + 2x5 + x6 + ax6 + ax7 + x8 + ax8 + x9 6 6464
307 714 895 -181 2ax + 2x2 + ax3 + ax4 + 2ax5 + 2x6 + 2ax6 + 2x7 + 2x8 + 2ax8 + x9 6 6528
322 749 934 -185 2x + x3 + 2ax3 + ax4 + x5 + ax6 + 2x7 + x8 + x9 6 6848
328 763 949 -186 2x + x3 + ax3 + x4 + 2x5 + ax5 + x6 + x7 + 2ax7 + 2x8 + ax8 + x9 6 6976
331 770 957 -187 2x + 2x2 + 2ax3 + ax5 + ax6 + x7 + ax7 + 2x8 + x9 6 7040
337 784 973 -189 2x + ax + 2x2 + x3 + x6 + 2ax6 + ax7 + x8 + x9 6 7168
340 791 981 -190 2x + 2ax + 2x2 + ax2 + 2x3 + 2ax4 + x5 + ax5 + x6 + ax6 + 2x7 + 2ax7 + 2x8 + ax8 + x9 6 7232
343 798 988 -190 2x + x2 + 2x3 + 2x4 + x5 + ax5 + 2x6 + 2ax6 + x7 + 2x8 + 2ax8 + x9 6 7296
352 819 1012 -193 2x + x2 + x3 + ax4 + x5 + 2ax5 + x7 + 2ax7 + 2x8 + x9 6 7488
364 847 1043 -196 2x + 2ax + x2 + 2x3 + ax3 + 2x4 + ax4 + 2x5 + 2ax5 + x6 + 2ax6 + x7 + x8 + 2ax8 + x9 6 7744
373 868 1066 -198 2ax + x2 + ax2 + x3 + 2ax3 + 2x4 + 2ax4 + x5 + ax5 + 2ax8 + x9 6 7936
379 882 1081 -199 2ax + x2 + 2ax2 + 2x3 + 2x4 + 2ax4 + 2x6 + 2ax6 + 2x7 + ax7 + x9 6 8064
397 924 1128 -204 2ax + x3 + 2ax3 + 2x4 + x6 + x7 + ax8 + x9 6 8448
400 931 1136 -205 2x + 2ax + 2x2 + ax2 + x3 + ax3 + ax4 + ax5 + x6 + 2ax7 + x8 + ax8 + x9 6 8512
412 959 1167 -208 2x + x3 + 2x4 + 2ax4 + 2ax5 + 2x6 + 2ax6 + ax7 + 2ax8 + x9 6 8768
421 980 1190 -210 2x + 2ax2 + x4 + 2ax5 + 2x6 + ax6 + 2x7 + ax7 + 2x8 + x9 6 8960
436 1015 1228 -213 2x + x2 + 2ax3 + 2x4 + ax4 + 2x5 + ax5 + 2x6 + 2ax8 + x9 6 9280
439 1022 1236 -214 2ax + 2x2 + ax2 + x3 + 2ax3 + ax4 + 2x5 + ax5 + x6 + ax6 + x7 + ax7 + 2x8 + x9 6 9344
481 1120 1344 -224 2ax + 2ax2 + x3 + 2x4 + ax4 + 2x5 + ax5 + 2x6 + 2ax6 + x7 + 2ax7 + x8 + x9 6 10240
514 1197 1428 -231 ax + 2x2 + x3 + 2ax3 + 2x4 + ax4 + x5 + 2ax5 + ax6 + 2x7 + ax7 + x8 + ax8 + x9 6 10944
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3.3 The Second Construction
We make use of Theorem 2.6.3 in the second method of construction for the finite fields
Fq2 for q = 5 and 7, by setting r = 2 in the theorem, since these are non-prime fields
whose sizes are relatively larger than that of F9. In this approach, the distinguished
place P∞ can either split completely or ramify. The other difference as compared to the
first construction is the computation of the degree of extension of the constructed global
function field M over the below-defined function field F2.
After first fixing q, we choose a polynomial f(x) ∈ Fq[x] and set y2 = f(x) as before.
Consider the global function field F/Fq = Fq(x, y) having the distinguished rational place
P∞. Let F2 denote the constant field extension F2 = F · Fq2 . Then P∞ can also be
regarded as a rational place of F2/Fq2 . Denote the Hilbert class field of F2/Fq2 by H2 so
that the class number hF2 is given by
hF2 = |C0F2| = |Gal(H2/F2)|.
There exists a subfield M of H2 such that Gal(H2/M) ∼= C0F . Thus, the class number hF
of F/Fq satisfies the equation
hF = |C0F | = |Gal(H2/M)|.







Since hF2 is the evaluation of the L-polynomial L2(t) of F2 at t = 1, by (2.13) we have













= a0 − a1 + a2 − a3 + · · · − a2gf−1 + a2g
= L(−1).
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Hence, we carry out here the same computations as in the first construction to obtain
the values of Ni and Si for i = 1, 2, . . . , gF so that we can compute those of aj for
j = 0, 1, . . . , 2gF .
Whether the place P∞ splits completely or ramifies affects the number NF of rational
places of F/Fq in (2.23). In fact, NF = N1. Let v be the contribution that the place P∞
makes to the value of NF and it depends on the degree of the chosen polynomial f . If
deg f is odd, then P∞ ramifies and v = 1. Otherwise, P∞ splits completely to give v = 2.
Having obtained δ and NF , we have a global function field M/Fq2 of genus
gM = δ(gF − 1) + 1,
with at least the following number of rational places:
NM = δ ·NF .
The rest of the steps are similar to those of the first construction.
Example 3.3.1. For q = 5, let f be the following polynomial:
f(x) = 1 + x+ 4x3 + 4x4 + x5 ∈ F5[x].
Then f is irreducible with an odd degree and so the place P∞ ramifies. With gF = 2,
N1 = 11, N2 = 31, S1 = S2 = 5.
The class numbers and the degree of extension δ = [M : F2] are as follows:
hF2 = 781, hF = 71, δ = 11.
Hence, the genus of M and the bound for the number of rational places are respectively
gM = 12, NM = 121.
The theoretical maximum of the number of rational places of a function field over F25 of
genus 12 is N25(12) = 140 and thus the difference dM = −19.
The next and final section displays all the results based on the second construction.
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Table 3.6: q = 25.
gM NM Nq(gM ) dM f(x) s hM hF
8 84 106 -22 1 + x2 + 2x3 + 2x4 + 2x5 + x6 5 553 79
10 99 126 -27 1 + 3x3 + 4x4 + x5 5 621 69
11 100 133 -33 2 + 2x2 + x3 + x4 + 4x5 + x6 4 580 58
12 121 140 -19 1 + x+ 4x3 + 4x4 + x5 5 781 71
13 120 147 -27 2 + x2 + 2x3 + x4 + 2x5 + x6 4 720 60
14 130 154 -24 1 + x3 + 3x5 + x6 4 793 61
15 140 161 -21 2 + 3x4 + x6 4 868 62
16 150 167 -17 1 + 2x3 + 3x4 + 4x5 + x6 4 945 63
17 144 174 -30 2 + 3x+ 2x3 + 3x4 + x5 4 832 52
18 153 181 -28 1 + x+ 3x3 + 3x4 + x5 4 901 53
19 162 188 -26 2 + x+ 2x2 + 2x3 + x4 + x5 4 972 54
20 171 195 -24 1 + x2 + x3 + 4x4 + x5 4 1045 55
21 160 201 -41 2 + x2 + 2x5 + x6 3 880 44
22 168 208 -40 1 + x4 + x5 + x6 3 945 45
23 176 215 -39 2 + 2x3 + 4x4 + 4x5 + x6 3 1012 46
24 184 222 -38 1 + 4x2 + x3 + 3x4 + 2x5 + x6 3 1081 47
25 168 228 -60 2 + x+ x2 + 2x3 + x5 3 864 36
26 175 235 -60 x(1 + 2x3 + x5) 2 925 37
27 182 242 -60 2 + x2 + 3x3 + 2x4 + x5 3 988 38
28 189 249 -60 1 + x+ x2 + 2x4 + x5 3 1053 39
29 196 255 -59 2 + 4x2 + x3 + 3x4 + x5 3 1120 40
30 203 262 -59 x(1 + 2x+ 4x3 + 3x4 + x5) 2 1189 41
31 180 269 -89 2 + 2x2 + 4x4 + 2x5 + x6 2 900 30
32 186 275 -89 1 + x2 + x3 + 3x4 + x5 + x6 2 961 31
33 192 282 -90 2 + x3 + x6 2 1024 32
34 198 289 -91 1 + x3 + 2x4 + x5 + x6 2 1089 33
35 204 295 -91 2 + x4 + x6 2 1156 34
36 210 302 -92 1 + x2 + 2x3 + 4x4 + 2x5 + x6 2 1225 35
37 180 309 -129 2 + 3x3 + x5 2 864 24
38 185 315 -130 1 + x+ 2x2 + 3x3 + x5 2 925 25
39 190 322 -132 2 + x+ 2x2 + 2x4 + x5 2 988 26
40 195 329 -134 1 + 2x2 + 2x3 + x4 + x5 2 1053 27
41 200 335 -135 2 + 3x3 + x4 + x5 2 1120 28
42 205 342 -137 1 + 3x2 + 4x3 + 4x4 + x5 2 1189 29
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69 408 521 -113 1 + x2 + 2x3 + 2x4 + 4x6 + 3x7 + x8 5 14348 422
71 385 534 -149 1 + 4x2 + x3 + 2x4 + 2x5 + 3x6 + x7 5 10535 301
73 432 547 -115 1 + x3 + 4x4 + 4x7 + x8 5 15120 420
77 456 574 -118 1 + 2x2 + 2x5 + x6 + 2x7 + x8 5 16796 442
79 429 587 -158 1 + x3 + 4x4 + 4x5 + x7 5 12519 321
81 480 600 -120 1 + x2 + x4 + x5 + 2x6 + 4x7 + x8 5 18560 464
83 451 613 -162 1 + 2x2 + x3 + x4 + 2x5 + x6 + x7 5 14063 343
85 504 626 -122 1 + x3 + x4 + 2x5 + 2x6 + x7 + x8 5 19404 462
87 473 638 -165 1 + x+ 4x3 + 4x4 + 4x5 + x6 + x7 5 14663 341
89 528 650 -122 1 + x2 + 3x4 + 2x5 + 4x6 + 4x7 + x8 5 20240 460
91 495 661 -166 1 + 2x2 + 3x3 + x4 + x5 + x7 5 16335 363
93 552 673 -121 1 + x2 + 2x3 + x5 + x6 + 2x7 + x8 5 22172 482
95 517 685 -168 1 + 4x2 + 2x3 + 4x4 + x5 + x6 + x7 5 16967 361
97 576 696 -120 1 + 3x4 + x5 + 3x7 + x8 5 23040 480
99 539 708 -169 1 + 2x+ 4x2 + 3x3 + 2x4 + 4x5 + 4x6 + x7 5 17591 359
101 600 719 -119 1 + x2 + x5 + x6 + 4x7 + x8 5 23900 478
103 561 731 -170 1 + x3 + 2x4 + 2x5 + 2x6 + x7 5 19431 381
105 520 742 -222 1 + x3 + x4 + 2x5 + 3x6 + 4x7 + x8 4 14768 284
107 583 754 -171 1 + 4x3 + 4x4 + x6 + x7 5 20087 379
109 540 765 -225 1 + x3 + x4 + 3x6 + 2x7 + x8 4 15228 282
111 605 777 -172 1 + 2x2 + 2x3 + x4 + 3x5 + x6 + x7 5 22055 401
113 672 788 -116 1 + 2x2 + x3 + 3x4 + 3x5 + 3x6 + x8 5 27776 496
115 627 800 -173 1 + 3x3 + x4 + x5 + 2x6 + x7 5 22743 399
117 580 811 -231 1 + 2x2 + 2x4 + 2x5 + 4x6 + 4x7 + x8 4 17516 302
121 600 834 -234 1 + 3x4 + x5 + 4x6 + x7 + x8 4 18000 300
123 671 846 -175 1 + x+ 4x2 + 2x3 + 4x4 + x6 + x7 5 25559 419
125 620 857 -237 1 + x+ 2x3 + x4 + 3x5 + x6 + 4x7 + x8 4 18476 298
127 693 868 -175 1 + 4x3 + 3x4 + x7 5 26271 417
129 640 880 -240 1 + 4x4 + x5 + 3x6 + 4x7 + x8 4 20480 320
131 715 891 -176 1 + 2x3 + 2x4 + 3x5 + 2x6 + x7 5 26975 415
133 660 902 -242 1 + x3 + 2x4 + 4x5 + 4x6 + x7 + x8 4 20988 318
137 680 925 -245 1 + x+ 4x3 + 3x4 + 2x5 + 4x6 + 3x7 + x8 4 21488 316
141 700 948 -248 1 + x5 + 3x6 + x8 4 23660 338
143 781 959 -178 1 + x2 + 4x4 + 3x5 + 4x6 + x7 5 30743 433
145 720 971 -251 1 + x3 + 2x6 + 2x7 + x8 4 24192 336
149 740 993 -253 1 + x2 + 4x4 + 2x5 + 3x6 + 4x7 + x8 4 26492 358
153 760 1016 -256 1 + 2x2 + x3 + 2x4 + 4x5 + 4x6 + x7 + x8 4 27056 356
157 780 1038 -258 1 + x2 + 2x4 + 2x5 + 4x7 + x8 4 27612 354
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161 800 1061 -261 1 + 2x4 + x5 + 2x6 + 4x7 + x8 4 28160 352
169 840 1106 -266 1 + x3 + 3x4 + 3x5 + x6 + x7 + x8 4 31248 372
173 860 1128 -268 1 + x2 + x3 + 4x4 + 3x5 + 3x6 + x8 4 31820 370
177 880 1151 -271 1 + x3 + 4x4 + x5 + x8 4 32384 368
Table 3.7: q = 49.
gM NM Nq(gM ) dM f(x) s hM hF
16 240 274 -34 1 + x2 + 2x3 + 6x5 + x6 7 2145 143
20 285 330 -45 1 + 4x2 + 5x3 + 5x4 + x5 7 2489 131
21 280 344 -64 3 + x2 + 3x3 + x5 + x6 6 2320 116
22 294 354 -60 1 + 3x2 + x4 + 2x5 + x6 6 2457 117
23 308 364 -56 3 + x+ x2 + x4 + x5 + x6 6 2596 118
24 322 374 -52 1 + x3 + x4 + 5x5 + x6 6 2737 119
25 312 384 -72 3 + 2x+ x2 + 6x3 + 2x4 + x5 6 2496 104
26 325 394 -69 1 + 3x3 + 4x4 + x5 6 2625 105
27 338 404 -66 3 + x+ x2 + x3 + x4 + x5 6 2756 106
28 351 414 -63 1 + 5x2 + 4x4 + x5 6 2889 107
29 364 423 -59 3 + 2x+ 4x3 + 5x4 + x5 6 3024 108
30 377 433 -56 x(1 + x2 + x3 + 6x4 + x5) 5 3161 109
31 360 443 -83 3 + 2x3 + x4 + 6x5 + x6 5 2820 94
32 372 453 -81 1 + x3 + 3x4 + 5x5 + x6 5 2945 95
33 384 463 -79 3 + 3x2 + 4x4 + 2x5 + x6 5 3072 96
34 396 472 -76 1 + x2 + x3 + 4x4 + 2x5 + x6 5 3201 97
35 408 482 -74 3 + 3x2 + 2x3 + 5x4 + 2x5 + x6 5 3332 98
36 420 492 -72 1 + x2 + 5x4 + x6 5 3465 99
37 396 502 -106 3 + 6x3 + x4 + x5 5 3024 84
38 407 511 -104 x(1 + 3x3 + 4x4 + x5) 4 3145 85
39 418 521 -103 3 + 2x2 + 6x3 + 4x4 + x5 5 3268 86
40 429 531 -102 1 + 2x2 + 2x4 + x5 5 3393 87
41 440 540 -100 3 + 6x2 + 4x3 + 4x4 + x5 5 3520 88
42 451 550 -99 x(1 + 5x2 + 6x3 + 6x4 + x5) 4 3649 89
43 420 560 -140 3 + x2 + x3 + 4x4 + 5x5 + x6 4 3108 74
44 430 569 -139 1 + 3x4 + x5 + x6 4 3225 75
45 440 579 -139 3 + x2 + 3x3 + 6x4 + 2x5 + x6 4 3344 76
46 450 589 -139 1 + x2 + 3x3 + 6x4 + x5 + x6 4 3465 77
47 460 598 -138 3 + 2x3 + 3x4 + 6x5 + x6 4 3588 78
48 470 608 -138 1 + 3x2 + 2x3 + 4x4 + 2x5 + x6 4 3713 79
49 432 618 -186 3 + x2 + x3 + x5 4 3072 64
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50 441 627 -186 1 + 3x2 + 4x3 + 6x4 + x5 4 3185 65
51 450 637 -187 3 + 6x2 + 3x3 + 6x4 + x5 4 3300 66
52 459 646 -187 x(1 + x+ 3x3 + 5x4 + x5) 3 3417 67
53 468 656 -188 3 + x+ 6x2 + 5x3 + x5 4 3536 68
54 477 666 -189 1 + 4x2 + x3 + 6x4 + x5 4 3657 69
55 486 675 -189 3 + 5x2 + 2x3 + 5x4 + x5 4 3780 70
56 495 685 -190 1 + 3x2 + 5x3 + 6x4 + x5 4 3905 71
181 1440 1868 -428 (6 + 4x+ x2)(3 + 3x+ 3x2 + x3)(2 + x+ 6x2 + x3) 7 91260 1014
193 1536 1981 -445 (6 + x+ x2)(6 + 5x+ 3x2 + 4x3 + x4 + 3x5 + x6) 7 99840 1040
197 1568 2019 -451 1 + x+ x2 + 2x3 + 5x4 + 5x6 + 2x7 + x8 7 103292 1054
209 1664 2132 -468 (5 + 3x+ x2)(5 + 4x+ x2)(2 + 2x+ 5x2 + 3x3 + x4) 7 112320 1080
211 1680 2151 -471 (1 + 4x+ 6x2 + x3)(1 + 4x+ 6x3 + x5) 7 113295 1079
215 1605 2189 -584 x(1 + x2 + 4x4 + 2x5 + 2x6 + x7) 6 94695 885
221 1760 2245 -485 1 + x+ x2 + x4 + 2x5 + x6 + x8 7 121660 1106
225 1792 2283 -491 (5 + 4x+ x2)(3 + 2x+ 5x2 + 4x3 + 2x5 + x6) 7 125440 1120
227 1695 2302 -607 x(1 + 6x6 + x7) 6 102943 911
229 1824 2321 -497 (3 + 5x+ x2)(4 + 5x+ x2 + x3)(3 + 3x+ 2x2 + x3) 7 127452 1118
231 1840 2339 -499 (5 + 4x+ 2x2 + x3)(3 + 2x+ 3x2 + 6x3 + 5x4 + x5) 7 130295 1133
233 1624 2358 -734 (4 + 5x+ 2x2 + x4)(2 + 3x+ 6x2 + x4) 6 83056 716
235 1872 2377 -505 (2 + 5x+ x3)(4 + x+ 5x2 + 4x3 + 3x4 + x5) 7 132327 1131
237 1888 2396 -508 1 + x+ x2 + 4x4 + 2x5 + 6x6 + 2x7 + x8 7 133340 1130
239 1904 2413 -509 (5 + 3x+ x3)(3 + 4x+ 2x2 + 2x3 + 3x4 + x5) 7 134351 1129
241 1920 2430 -510 (1 + 4x+ x2)(1 + 4x+ 5x2 + 4x3 + x4 + x5 + x6) 7 137280 1144
243 1815 2447 -632 x(1 + x+ 2x3 + 5x4 + x6 + x7) 6 113135 935
245 1952 2464 -512 1 + x+ x2 + 2x3 + 2x4 + 2x5 + 5x6 + x7 + x8 7 141276 1158
247 1968 2481 -513 (1 + 2x+ 6x2 + x3)(1 + 6x+ 4x2 + 4x3 + x4 + x5) 7 142311 1157
249 1984 2497 -513 1 + x+ x2 + x4 + 4x5 + 2x6 + 4x7 + x8 7 143344 1156
251 2000 2514 -514 (6 + x+ 4x2 + x3)(6 + 5x+ 5x3 + 2x4 + x5) 7 144375 1155
253 2016 2531 -515 1 + x+ x2 + 2x4 + 3x6 + 6x7 + x8 7 145404 1154
255 2032 2548 -516 (1 + 6x+ 2x2 + x3)(1 + 2x+ x2 + 4x3 + 3x4 + x5) 7 146431 1153
257 2048 2564 -516 (5 + 2x+ x2)(3 + 6x+ 3x3 + 6x4 + 6x5 + x6) 7 149504 1168
259 1935 2581 -646 x(1 + x+ 2x2 + 2x3 + 2x4 + 6x5 + x6 + x7) 6 127839 991
261 1820 2598 -778 1 + x+ x2 + x3 + 3x4 + 2x7 + x8 6 99580 766
263 1965 2614 -649 x(1 + x2 + x3 + 2x4 + 4x5 + x6 + x7) 6 129559 989
265 1848 2631 -783 (6 + 3x+ x2)(6 + 3x+ 4x3 + 4x4 + x5 + x6) 6 102960 780
267 1995 2648 -653 1 + 2x2 + 5x3 + 6x5 + 3x6 + x7 7 131271 987
269 1876 2664 -788 1 + x+ x2 + 5x4 + x6 + 5x7 + x8 6 106396 794
271 2025 2681 -656 x(1 + x+ x2 + 5x4 + x5 + 6x6 + x7) 6 132975 985
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273 2176 2698 -522 1 + x+ x2 + 3x3 + 5x4 + 4x5 + x6 + 6x7 + x8 7 159936 1176
275 2055 2714 -659 x(1 + x3 + 2x5 + 6x6 + x7) 6 139055 1015
277 1932 2731 -799 (6 + x+ x2)(5 + 2x+ 3x2 + x3)(4 + 5x+ 6x2 + x3) 6 111228 806
279 2085 2748 -663 x(1 + x+ 4x3 + 4x4 + 6x5 + 5x6 + x7) 6 140807 1013
281 1960 2764 -804 1 + x+ x2 + x3 + x4 + 3x5 + x6 + x7 + x8 6 114800 820
283 2115 2781 -666 1 + 3x4 + 6x6 + x7 7 142551 1011
285 1988 2798 -810 1 + x+ x2 + 3x5 + 2x6 + x8 6 116156 818
287 2145 2814 -669 x(1 + x+ 4x3 + 2x5 + 6x6 + x7) 6 144287 1009
289 2016 2831 -815 1 + x+ x2 + x5 + 4x7 + x8 6 117504 816
291 2030 2847 -817 (5 + x+ x2 + x3)(3 + x+ 5x2 + x3 + 4x4 + x5) 6 122815 847
293 2044 2864 -820 1 + x+ x2 + 5x4 + 2x5 + x6 + 4x7 + x8 6 123516 846
295 2058 2881 -823 (5 + 5x+ 2x2 + x3)(3 + 6x2 + 6x3 + 4x4 + x5) 6 124215 845
297 2072 2897 -825 (3 + x+ x2)(5 + x+ 3x2 + x3 + 2x4 + x6) 6 127280 860
299 2235 2914 -679 x(1 + 3x2 + x4 + 4x5 + 6x6 + x7) 6 154215 1035
301 2100 2930 -830 1 + x+ x2 + x3 + 3x4 + 3x5 + 3x6 + 2x7 + x8 6 126300 842
303 2265 2947 -682 1 + 6x2 + x3 + x5 + 5x6 + x7 7 155983 1033
305 2128 2963 -835 1 + x+ x2 + 3x4 + 6x5 + 3x6 + x8 6 127680 840
307 2142 2980 -838 (2 + 4x+ 2x2 + x3)(4 + 3x+ x2 + 4x3 + 2x4 + x5) 6 133263 871
309 2156 2996 -840 1 + x+ x2 + x3 + 2x4 + 4x6 + 6x7 + x8 6 133980 870
311 2325 3013 -688 1 + 5x3 + x4 + x6 + x7 7 164455 1061
313 2184 3029 -845 1 + x+ x2 + x3 + 3x4 + x5 + 4x6 + 5x7 + x8 6 140400 900
315 2355 3046 -691 x(1 + 3x2 + 6x3 + 4x4 + 3x5 + 5x6 + x7) 6 166263 1059
317 2212 3063 -851 1 + x+ x2 + x3 + 6x4 + 4x5 + 5x6 + 6x7 + x8 6 136828 866
319 2385 3079 -694 x(1 + x+ x2 + 6x3 + 3x4 + 4x5 + 6x6 + x7) 6 168063 1057
321 2240 3096 -856 (5 + 4x+ x2)(3 + 2x+ 5x2 + 4x3 + x4 + x6) 6 145920 912
323 2254 3112 -858 (1 + 4x+ 6x2 + x3)(1 + 4x+ 3x3 + 4x4 + x5) 6 144095 895
325 2268 3129 -861 1 + x+ x2 + 3x3 + x5 + x6 + 2x7 + x8 6 144828 894
327 2282 3145 -863 (4 + 3x+ 4x2 + x3)(2 + 4x+ 4x2 + 5x3 + x4 + x5) 6 145559 893
329 2296 3161 -865 1 + x+ x2 + 3x4 + 6x5 + 4x6 + 6x7 + x8 6 151536 924
331 2310 3178 -868 (2 + 3x+ 4x2 + x3)(4 + 5x+ 6x2 + 6x3 + 5x4 + x5) 6 147015 891
333 2324 3194 -870 1 + x+ x2 + 4x5 + 2x6 + 5x7 + x8 6 147740 890
335 2171 3211 -1040 1 + 4x3 + 5x4 + 3x5 + 4x6 + x7 6 121743 729
337 2352 3227 -875 (2 + 5x+ x2)(4 + x+ 3x2 + 6x3 + x4 + 3x5 + x6) 6 151872 904
339 2366 3244 -878 (3 + 3x+ 3x2 + x3)(5 + x3 + 6x4 + x5) 6 155311 919
341 2380 3260 -880 1 + x+ x2 + 3x4 + x5 + 3x6 + 5x7 + x8 6 156060 918
343 2394 3277 -883 (4 + 2x+ x2 + x3)(2 + x+ x2 + x3 + 3x4 + x5) 6 156807 917
345 2408 3293 -885 (4 + x2)(2 + 2x+ 5x2 + 4x4 + 4x5 + x6) 6 160304 932
347 2422 3310 -888 (1 + 2x+ 6x2 + x3)(1 + 6x+ 4x2 + 4x3 + 3x4 + x5) 6 158295 915
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351 2450 3342 -892 (1 + 4x2 + x3)(1 + x+ 4x2 + 2x3 + x5) 6 159775 913
353 2464 3359 -895 1 + x+ x2 + x5 + 3x6 + 2x7 + x8 6 160512 912
355 2478 3375 -897 (6 + 5x+ 6x2 + x3)(6 + x+ 5x2 + 2x3 + 3x4 + x5) 6 166911 943
357 2492 3392 -900 1 + x+ x2 + x3 + 4x4 + 4x5 + x6 + x7 + x8 6 167676 942
359 2327 3408 -1081 1 + x2 + 2x3 + 2x4 + 6x5 + 2x6 + x7 6 139799 781
361 2520 3425 -905 1 + x+ x2 + x3 + 2x4 + 2x5 + x8 6 169200 940
363 2534 3441 -907 (5 + 4x+ 5x2 + x3)(3 + 2x+ 4x2 + 3x3 + 2x4 + x5) 6 169959 939
367 2379 3474 -1095 1 + 4x4 + 6x5 + 4x6 + x7 6 142191 777
369 2576 3490 -914 1 + x+ x2 + 5x4 + x5 + 2x7 + x8 6 172224 936
371 2405 3507 -1102 1 + 2x+ 5x3 + 3x4 + 6x6 + x7 6 149295 807
373 2604 3523 -919 (4 + 6x+ x2)(3 + 3x+ 4x2 + x3)(3 + 6x+ 5x2 + x3) 6 176700 950
375 2431 3539 -1108 1 + 2x3 + 3x4 + 2x5 + 6x6 + x7 6 144551 773
377 2632 3556 -924 (6 + 3x+ x2)(6 + 3x+ x3 + 3x4 + 4x5 + x6) 6 178224 948
379 2457 3572 -1115 1 + 6x4 + 2x5 + 6x6 + x7 6 151767 803
383 2674 3605 -931 (5 + 6x+ x3)(3 + 5x+ 4x2 + 6x3 + x5) 6 183551 961
385 2688 3621 -933 1 + x+ x2 + x3 + 6x4 + 5x6 + x8 6 184320 960
387 2509 3638 -1129 1 + 6x4 + x5 + 6x6 + x7 6 154207 799
389 2716 3654 -938 1 + x+ x2 + x3 + x4 + 2x5 + x6 + x8 6 185852 958
391 2535 3670 -1135 1 + 2x2 + 4x3 + 5x4 + 5x6 + x7 6 155415 797
395 2561 3703 -1142 1 + 3x2 + 2x4 + 6x5 + 3x6 + x7 6 156615 795
399 2587 3736 -1149 1 + x2 + 5x3 + 4x4 + 2x5 + 4x6 + x7 6 157807 793
401 2800 3752 -952 (4 + x+ x2)(4 + 4x+ 6x2 + x3)(4 + 6x+ 6x2 + x3) 6 193600 968
403 2613 3768 -1155 1 + x3 + 4x4 + 5x5 + 4x6 + x7 6 165423 823
407 2639 3801 -1162 1 + 3x2 + 4x4 + 4x5 + 5x6 + x7 6 166663 821
411 2665 3834 -1169 1 + x2 + 6x3 + 2x6 + x7 6 167895 819
415 2691 3866 -1175 1 + 2x2 + 6x4 + 6x5 + 6x6 + x7 6 169119 817
419 2717 3899 -1182 1 + x2 + x3 + 5x4 + 4x6 + x7 6 170335 815
423 2743 3932 -1189 1 + x2 + x3 + 4x4 + 2x5 + 6x6 + x7 6 178295 845
427 2769 3964 -1195 1 + 4x2 + 3x3 + 5x4 + 3x5 + 6x6 + x7 6 179559 843
431 2795 3997 -1202 1 + 2x2 + 2x3 + x4 + x5 + x6 + x7 6 180815 841
435 2821 4029 -1208 1 + 4x5 + 5x6 + x7 6 182063 839
439 2847 4062 -1215 1 + x+ 5x3 + 5x4 + 4x5 + x6 + x7 6 183303 837
451 2925 4160 -1235 1 + 5x2 + x3 + 4x4 + x5 + 3x6 + x7 6 194175 863
459 2977 4225 -1248 1 + x2 + x3 + 6x4 + x5 + 5x6 + x7 6 196711 859
479 3107 4387 -1280 1 + x+ 5x2 + x3 + 6x4 + 4x5 + 6x6 + x7 6 210559 881
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